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We provide a general discussion on the importance of three-body Efimov physics for strongly
interacting ultracold quantum gases. Using the adiabatic hyperspherical representation, we discuss
a universal classification of three-body systems in terms of the attractive or repulsive character of
the effective interactions. The hyperspherical representation leads to a simple and conceptually
clear picture for the bound and scattering properties of three-body systems with strong s-wave
interactions. Using our universal classification scheme, we present a detailed discussion of all rel-
evant ultracold three-body scattering processes using a pathway analysis that makes evident the
importance of Efimov physics in determining the energy and scattering length dependence of such
processes. This article provides a general overview of the current status of the field and a discus-
sion of various issues relevant to the lifetime and stability of ultracold quantum gases along with
universal properties of ultracold, resonantly interacting, few-body systems.
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I. INTRODUCTION
Along with the recent theoretical and experimental
progress in the exploration of the collective behavior
of ultracold quantum gases, the relevance of few-body
physics, i.e., the physics of systems with three or more
particles, has increasingly been recognized for its funda-
mental importance in determining the stability and dy-
namics of ultracold gases [1–15]. The key ingredient that
sets apart ultracold gases from most other physical sys-
tems is that the strength of the interatomic interactions
can be controlled. By applying an external magnetic
field, the intricate fine and hyperfine structure of alkali
atoms allow for the occurrence of Feshbach resonances
in the collision threshold for two atoms [16], causing the
two-body s-wave scattering length, a, to diverge. This
ability to control the scattering length near Feshbach res-
onances is the pivotal element that enables driving ultra-
cold quantum gases into the strongly interacting regime,
a regime in which ∣a∣ ≫ r0 (where r0 is the characteristic
range of the interatomic interactions) and drastically dif-
ferent collective regimes are expected [1–10, 12, 13, 17–
21]. In practice, however, it was quickly realized [22–
32] that three-body scattering processes within the gas
lead to strong atomic losses, consequently limiting the
lifetime and stability of the system. These observations
were soon recognized [33–37] as a window for accessing a
much more fundamental effect governing strongly inter-
acting few-body systems: the Efimov effect.
The Efimov effect [38–41] was predicted nearly 45 years
ago in the context of nuclear physics. It is one of the
most counterintuitive quantum phenomena present in a
few particle system. In its purest form, the Efimov ef-
fect occurs for strongly interacting systems (∣a∣ ≫ r0) and
is associated with the appearance of an infinite number
of weakly bound three-body states —today called Efi-
mov states. In many ways, these states appear differ-
ent from the common-sense expectation. For instance, a
large number of Efimov states can exist even when the
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2two-body interaction is not strong enough to support a
single weakly bound s-wave bound state, a typical sce-
nario found whenever a < 0 and ∣a∣ ≫ r0. And, if a weakly
bound s-wave two-body state does exist (a > 0), weak-
ening the two-body interaction (for instance, by mak-
ing the two-body potential well shallower) can only in-
crease the number of Efimov states. Perhaps more sur-
prising, when a zero-energy s-wave two-body state exists
(∣a∣ = ∞), the number of Efimov states is rigorously in-
finite, even though the underlying two-body interactions
are short-ranged and can only support a finite number of
bound states. These characteristics defy any simple and
intuitive physical argument and, in fact, were what led
to many attempts to disprove Efimov’s original predic-
tions. However, these attempts mainly resulted in differ-
ent ways to prove Efimov’s predictions.
The key finding in Efimov’s work was that, in the large∣a∣ limit, an attractive 1/R2 effective interaction emerges
in the range r0 ≪ R ≪ ∣a∣, with a supercritical coeffi-
cient. As a result, this interaction causes the number
of three-body states to increase to infinity as a → ±∞.
(Here, R describes the overall size of the three-body sys-
tem.) The specific 1/R2 form of the attractive effective
interaction also naturally leads to one of the key features
of the Efimov effect: three-body observables associated
with the Efimov effect have geometric-scaling properties
characterized by the geometric scaling factor epi/s0 , with
s0 being intimately related to the strength of the attrac-
tive 1/R2 effective interaction. The 1/R2 form of the
interaction results in log-periodic properties for any low-
energy three-body observable associated with the Efimov
effect. A prime example is the geometric scaling of ener-
gies, E3b, of Efimov states at ∣a∣ =∞:
E
(i+1)
3b = E(i)3b /(epi/s0)2, (1)
with i = 0, 1, 2, ..., ∞. The Efimov coefficient, s0, is a
universal number depending only on very general prop-
erties of the system such as its total angular momentum,
number of resonant pairs of interactions, and the mass
ratios between the particles [41]. For instance, for three-
identical bosons in their lowest total angular momentum
state s0 ≈ 1.0062378 and the corresponding geometric
scaling epi/s0 ≈ 22.694384. In addition to expressing the
geometric scaling properties for the energies, Eq. (1) also
manifests an important, and general, characteristic of the
Efimov effect: three-body observables are determined in
terms of a single three-body parameter, which depends
on the short distance behavior of the three-body interac-
tions [42]. In the case of Eq. (1), knowing the energy of
the Efimov ground state (i = 0) allows for the determina-
tion of the energy of all other states by simply rescaling
this known value. Without the three-body parameter,
one can only find the ratios but not where the ladder of
values sits.
In ultracold quantum gases, the main signatures for
the Efimov effect arise from low-energy scattering observ-
ables that are measurable through atomic and molecular
losses. Here too, observables have log-periodic proper-
ties. In scattering processes, however, characteristic Efi-
mov features originate from interference and resonant ef-
fects caused by the formation of Efimov states as a is
changed by the multiplicative factor epi/s0 [34–37]. The
first experimental observation of the Efimov effect was
made by measuring atomic losses in an ultracold gas
of 133Cs atoms [43]; this observation triggered many
other experimental explorations. Currently, signatures
of Efimov states have been observed in ultracold gases
of 133Cs [43–53], 39K [54, 55], 7Li [56–61], 6Li [62–69],
85Rb [70, 71], 4He [72, 73], and heteronuclear gas mix-
tures of 41K-87Rb [74], 40K-87Rb [75], 6Li-133Cs [76–80],
and 7Li-87Rb [81]. (Note that some debate [82, 83] still
exists on the observations in Ref. [74].) This frenetic pace
of activity has deepened and expanded our knowledge of
this exotic phenomena and provided the field of few-body
physics with a broad range of outstanding problems and
possibilities.
From a more general perspective, the physics obtained
from Efimov’s original work, or simply Efimov physics,
has an even broader impact than the Efimov effect alone
[84–86]. One immediate result is that the Efimov physics
allows for a classification scheme in which all three-body
systems with strong s-wave interactions fall into one of
two categories: three-body attractive systems, where the
attractive 1/R2 effective interaction occurs (that is char-
acteristic of the Efimov effect) and three-body repulsive
systems, in which, instead, a repulsive 1/R2 effective in-
teraction emerges. Systems within the same class have
similar scattering and bound state properties. For attrac-
tive systems, scattering observables display unique signa-
tures due to the formation of Efimov states and are gen-
erally associated to strong atomic and molecular losses
causing great instability and short lifetimes in ultracold
gases. In contrast, although no Efimov states occur in
repulsive three-body systems, scattering observables also
display a signature characteristic that traces back to Efi-
mov physics: the suppression of inelastic transitions and
the consequent reduction of atomic and molecular losses.
For such systems, the repulsive 1/R2 effective interaction
prevents atoms from approaching each other at short dis-
tances, which, in turn, leads to a suppression of inelastic
transitions and various universal properties for the sys-
tem [87]. Therefore, the suppression of loss rates depends
intimately on the strength of the Efimov repulsive inter-
action and is an extremely beneficial effect for ultracold
gases that allows for long lifetimes and stability. This
effect has been observed in two-component Fermi gases
of 40K [88] and 6Li [89–96], as well as in heteronuclear
Fermi-Fermi and Bose-Fermi mixtures of 40K-87Rb [97],
40K-6Li [98], 6Li-174Yb [99], 23Na-40K [100] and 6Li-
7Li [101]. Note that the non-existence of Efimov states
does not mean that other universal states can occur in
repulsive systems. For a subclass of such systems, the
interaction beyond the range in which Efimov potentials
are repulsive (r0 ≪ R≪ a) can be attractive and support
bound states. These states, today known as Kartavtsev-
Malykh (KM) states [102], can be extremely long-lived,
3have a very different nature than Efimov states, and have
an important impact on the scattering properties of the
system [102–105].
In this tutorial, we provide an analysis of strongly in-
teracting three-body systems from a simple and concep-
tually clear perspective based on the adiabatic hyper-
spherical representation. It is not our goal to review the
theoretical approaches used to explore few-body prob-
lems, because more comprehensive reviews can be found
in Refs. [42, 48, 106–116]. Rather, our goal is to focus on
the broadness of Efimov physics and provide an intuitive
picture of its impact on three-body scattering processes
and, consequently, ultracold quantum gases. This tuto-
rial is organized as follows. In Section II we provide a
brief discussion of the adiabatic hyperspherical represen-
tation and set the stage for the analyses in the next sec-
tions. In Section III, by assuming contact interactions
between atoms, we analyze the solutions of the three-
body problem. Revisiting Efimov’s original work [38–
41], we provide a classification scheme based on Efimov
physics and discuss the energy spectrum for both Efimov
and KM states. In Section IV, using a pathway analysis
for scattering processes [84–86, 117–119] combined with a
simple WKB formulation [120], we derive both the energy
and scattering length dependence of three-body scatter-
ing observables for all three-body systems with strong
s-wave interactions. This pathway analysis provides a
clear and intuitive physical picture of how the main sig-
natures of Efimov physics appear in scattering processes.
In Section V, we analyze the impact of Efimov physics
in ultracold quantum gases, including finite temperature
effects. In Section VI, we briefly review the universal
relations for Efimov features [42, 121–123] and discuss
recent progress in understanding the origin of the uni-
versality of the three-body parameter and its four-body
counterpart. In Section VII, we summarize our analysis.
II. THE HYPERSPHERICAL WAY
The key idea behind the adiabatic hyperspherical rep-
resentation [124–126] is to explore the quasi-separability
of the corresponding hyperradial and hyperangular mo-
tions for systems with three or more particles. In this
representation the hyperradius, R, determines the over-
all size of the system, while all other degrees of freedom
are represented by a set of hyperangles, Ω, describing the
system’s internal motion and overall rotations. In many
instances, this representation allows for the description of
few-body systems in a similar way to a two-particle prob-
lem, but now in terms of the collective coordinate, the
hyperradius R, thus providing a simple and conceptually
clear physical picture for both bound and scattering pro-
cesses. Although different choices of hyperspherical coor-
dinates exist [110, 127–139], the three-body Schro¨dinger
equation can aways be written in a quasi-separable form
as:
[− h̵2
2µ
∂2
∂R2
+Had(R,Ω)]ψ(R,Ω) = Eψ(R,Ω), (2)
which is obtained after separating the center-of-mass mo-
tion and rescaling the total wave function for the rela-
tive motion according to: Ψ = ψ/R5/2. In Eq. (2), µ
is the three-body reduced mass, µ2 = m1m2m3/M with
M =m1 +m2 +m3 being the total mass and mi the mass
of the ith particle and E is the total (relative) energy of
the system. The adiabatic Hamiltonian, Had, is given by
Had(R,Ω) = Λ2(Ω) + 15/4
2µR2
h̵2 + V (R,Ω), (3)
and contains the hyperangular part of the kinetic energy
as expressed through the grand-angular momentum op-
erator, Λ2(Ω), and all the interparticle interactions via
V (R,Ω). Although not necessary, it is typically assumed
that the interactions are given in terms of a pairwise sum
of the form
V (R,Ω) = v(r12) + v(r23) + v(r31), (4)
where rij = ∣r⃗i− r⃗j ∣ is the distance between particles i and
j. In most cases, nonadditive three-body interactions can
be easily introduced in Eq. (4) with effectively no cost to
the calculations [140].
The quasi-separability of the hyperradial and hyperan-
gular parts of the Schro¨dinger equation (2) is exploited
by imposing an adiabatic expansion of the total wave
function as
ψ(R,Ω) =∑
ν
Fν(R)Φν(R; Ω), (5)
where Fν(R) and Φν(R; Ω) are the hyperradial wave
functions and channel functions, respectively, with ν rep-
resenting all quantum numbers necessary to specify each
channel. The channel functions Φν(R; Ω) form a com-
plete set of orthonormal functions at each value of R and
are eigenfunctions of Had,
Had(R,Ω)Φν(R; Ω) = Uν(R)Φν(R; Ω). (6)
The eigenvalues Uν(R) are the three-body hyperspherical
potentials from which one can define three-body effective
potentials for the hyperradial motion [see Eq. (8) below].
By substituting the total wave function [Eq. (5)] into
the three-body Schro¨dinger equation [Eq. (2)] and pro-
jecting out the channel functions Φν′ , we obtain the hy-
perradial Schro¨dinger equation,
[− h̵2
2µ
d2
dR2
+Wν(R) −E]Fν(R)
− h̵2
2µ
∑
ν′≠νWνν′(R)Fν′(R) = 0, (7)
4which describes the three-body hyperadial motion under
the influence of the effective potentials, Wν(R) and nona-
diabatic couplings, Wνν′(R), defined, respectively, as
Wν(R) = Uν(R) − h̵2
2µ
Qνν(R), (8)
Wνν′(R) = 2Pνν′(R) d
dR
+Qνν′(R), (9)
where the first and second derivative couplings are deter-
mined from the hyperradial dependence of the channel
functions,
Pνν′(R) = ⟨Φν ∣∂Φν′
∂R
⟩ and Qνν′(R) = ⟨Φν ∣∂2Φν′
∂R2
⟩. (10)
The brackets denote integration over the hyperangular
coordinates Ω only. Although nonadiabatic couplings are
generally associated to channel mixing and inelastic tran-
sitions in scattering processes, including Qνν(R) in the
definition of the effective potential Wν(R) [see Eq. (8)] is
crucial for obtaining potentials with the correct behavior
at large distances [106, 112, 141]. As it stands, Eq. (7)
is exact. However, in practice, the sum over channels
must be truncated, and the number of channels retained
increased until one achieves the desired accuracy.
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FIG. 1. Three-body hyperspherical potentials for a system
of three identical bosons interacting via the two-body inter-
action model: v(r) = −Dsech2(r/r0) [142]. For this calcula-
tion we adjust D to support a total of 12 diatomic bound
states. At distances R ≫ r0, the hyperspherical potentials
can be classified into molecular and continuum channels de-
scribing atom-molecule collisions and collisions between three
free atoms.
Solving the hyperangular part of the problem, i.e., the
adiabatic equation (6), is the core, and often the hard-
est part, of the adiabatic hyperspherical representation.
Nevertheless, once this task is performed, the effective
potentials and nonadiabatic couplings, Eqs. (8)-(10), de-
termine all bound and scattering properties of the sys-
tem through the solutions of the hyperradial Schro¨dinger
equation (7) with proper boundary conditions, while
still offering a simple and conceptually clear physical
picture—which is no different than the usual radial two-
body problem. Figure 1 displays a typical set of hy-
perspherical potentials for a system of three identical
bosons [142] interacting via a simple two-body interac-
tion: v(r) = −Dsech2(r/r0), with D determining the po-
tential depth and r0 the characteristic range of the inter-
action. In Fig. 1 we adjust D to support a total of 12
diatomic bound states.
From the structure of the three-body potentials, var-
ious properties of the system become evident, thus pro-
viding a clear physical picture for the system’s bound
and resonant spectra as well as scattering processes. In
the asymptotic regime, i.e., when R is much larger than
any other length scale in the problem, the three-body
hyperspherical potentials can be uniquely identified with
particular physical processes. Three-body potentials that
converge asymptotically to the energy of diatomic molec-
ular states are associated with molecular channels and
represent atom-molecule scattering states. On the other
hand, potentials converging to the zero-energy three-
body threshold (black-dotted horizontal line in Fig. 1)
are associated with three-body continuum channels and
describe collisions of three free atoms. Molecular and
three-body continuum potentials have their asymptotic
expansion given by, respectively,
Wν(R) ≃ −Eb + l(l + 1)
2µR2
h̵2, (11)
and
Wν(R) ≃ λ(λ + 4) + 15/4
2µR2
h̵2, (12)
where Eb is the binding energy of the diatomic molecular
state, l is the relative angular momentum between the
molecule and the atom, and λ is a positive integer num-
ber labeling the eigenstates of the hyperangular kinetic
energy operator Λ2(Ω) in Eq. (3). As we will show in
Section IV, the asymptotic form of the three-body po-
tentials [Eqs. (11) and (12)] determines the energy de-
pendence of both low-energy elastic and inelastic scat-
tering processes. In Fig. 1, bound and resonant states
(schematically represented by the green-dashed lines) are
defined for states with energies below and above the low-
est molecular channel, respectively. This characteriza-
tion of states is consistent with the fact that true bound
states do not decay, while resonant states will have a
finite lifetime due to transitions to energetically open
molecular channels. Although not shown in Fig. 1, the
importance of nonadiabatic couplings can be, in part, de-
duced from the structure of avoided-crossings. As usual,
broad avoided-crossings imply in strong inelastic transi-
tions while narrow ones indicate weak transitions. Al-
5though narrow avoided-crossings represent weak transi-
tions, they are numerically challenging to describe. Nev-
ertheless, simple changes of the adiabatic representation
can fully address such problems [143].
In the next section, we apply the adiabatic hyper-
spherical representation for the three-body problem with
two-body regularized Fermi pseudopotentials [144, 145],
which allow us to account for s-wave interactions only
and completely neglect finite-range effects. This inter-
action model, combined with the Faddeev representation
for the total wave function [41, 146, 147] in Delves’ hyper-
spherical coordinates [128–130], allows for the determina-
tion of semianalytical solutions for the problem of three
strongly interacting atoms and represents an ideal model
for studying universal properties related to the Efimov
physics.
III. STRONGLY INTERACTING THREE-BODY
SYSTEMS
In this section, we provide an analysis of the solutions
of the three-body problem with s-wave zero-range in-
teractions, implemented in terms of specific boundary
conditions. The zero-range model is the basis of sev-
eral other approaches to few-body systems and we refer
to such works throughout this section. Evidently, zero-
range model interactions can only capture the correct
three-body physics at distances larger than the typical
range of interatomic interactions. Nevertheless, this con-
strain is enough to allow for the exploration of many
universal properties of the system. In fact, within the
adiabatic hyperspherical representation, one can still in-
corporate modifications to these universal results that
originate from the finite-range aspects of more realistic
interactions based on simple physical arguments. Here,
we revisit Efimov’s original approach and provide some
modifications to it in order to impose the proper sym-
metrization of the total wave function. We also analyze
the conditions for the occurrence of the Efimov effect, es-
tablish a universal classification scheme for all three-body
systems with strong s-wave interactions, and discuss the
structure of effective potentials and nonadiabatic cou-
plings as well as the origin of universal three-body states.
A. Contact interactions
In his original seminal work [38–41], Efimov demon-
strated that three-body effective interactions are strongly
modified once the short-range two-body interactions be-
come resonant, i.e., when the two-body s-wave scattering
length, a, becomes much larger than the characteristic
range of the two-body interactions r0, ∣a∣ ≫ r0. Efi-
mov’s work revealed that in the resonant regime, the
scattering length becomes an important length scale in
the problem, setting the range within which three-body
interactions assume an unusual form for systems inter-
acting via short-range potentials. When three particles
are within distances smaller than, or comparable to, ∣a∣
but still larger than r0, the three-body interactions as-
sume a long-range form that is proportional to 1/R2 and
have a universal character, regardless of the details that
cause the two-body interactions to be resonant. In this
case, the three-body effective potentials Wν are found to
be conveniently parameterized by
Wν(R) = ξ2ν − 1/4
2µR2
h̵2 (r0 ≪ R≪ ∣a∣), (13)
where ξ is a universal quantity that determines the
strength as well as the attractive and repulsive character
of three-body interactions; ξ depends only on very gen-
eral properties of the system, such as the total angular
momentum and parity, Jpi, the number of resonant pairs
of interactions, and the mass ratios of the particles [41].
Efimov’s central motivation was to analyze the cases in
which the effective interaction is attractive, which is ob-
tained when ξ = is0 is a purely imaginary number and
inevitably leading to Efimov effect [38–41]. Nevertheless,
the solutions leading to repulsive interactions, i.e., when
ξ is a real number, were not fully explored and, as we
will show throughout this manuscript, they have an im-
portant impact in ultracold quantum gases.
Therefore, it is clear that the key quantity that controls
Efimov physics is the coefficient ξ in Eq. (13). To deter-
mine ξ, we follow closely Efimov’s original work [41] and
present results in terms of the system’s permutation sym-
metry, mass ratio, and total angular momentum. One
convenient way to perform this analysis is to write the
total wave function in terms of the Faddeev components
[41, 146, 147] in the following form:
ψ(R,Ω) = c1ψ(1)(ρ⃗23, ρ⃗1)+ c2ψ(2)(ρ⃗31, ρ⃗2) + c3ψ(3)(ρ⃗12, ρ⃗3). (14)
Each Faddeev component, ψ(i), favorably describes a
particular configuration of the three-body system in
terms of its mass-scaled Jacobi vectors ρ⃗ik and ρ⃗l [128–
130], defined in terms of the individual particle’s posi-
tions r⃗i and masses mi as
ρ⃗ij = d−1k (r⃗i − r⃗j) ,
ρ⃗k = dk [r⃗k − (mir⃗i +mj r⃗j
mi +mj )] , (15)
where d2k = (mk/µ)(1−mk/M). Indices {i, j, k} are cyclic
permutations of {1,2,3}. Note that the different sets of
Jacobi coordinates {ρ⃗ij , ρ⃗k} in the Faddeev decomposi-
tion of the total wave function (14) can be related to each
other by means of a “kinematic rotation” [41, 106]
ρ⃗ij = −ρ⃗ki cosγjk + ρ⃗j sinγjk,
ρ⃗k = −ρ⃗ki sinγjk − ρ⃗j cosγjk, (16)
where tanγij = (mkM/mimj)1/2σijk, with σijk being the
sign of the permutation {i, j, k}. The Faddeev compo-
nents are, in general, determined from the solutions of
6a set of integro-differential Faddeev equations [106, 147].
However, as we will see next, the use of zero-range inter-
actions greatly simplifies the problem.
One of the main advantages of using the zero-range in-
teraction model is that this model allows for semianalyt-
ical solutions for the three-body problem [41]. The form
of the s-wave zero-range potential that we use [144, 145]
is
v(rij) = 4piaij h̵2
2µij
δ(3)(r⃗ij) ∂
∂rij
rij , (17)
where µij = mimj/(mi + mj) is the two-body reduced
mass, aij the scattering length, and δ the usual three-
dimensional Dirac-δ function. One important character-
istic of this potential model is that it can support only a
single bound state for aij > 0 that has a binding energy
equal to h̵2/2µija2ij . More importantly, it can be shown
that the effect of this potential model is equivalent to im-
posing the Bethe-Peierls boundary condition on the total
three-body wave function [41],
1(rijψ) ∂∂rij (rijψ) = − 1aij , at rij = 0. (18)
This boundary condition, along with the corresponding
boundary conditions for the pairs jk and ki, fully repre-
sents all the interactions in the problem. Consequently,
the determination of the Faddeev components becomes
equivalent to solving the problem of three free particles,
representing a tremendous simplification.
Within the hyperspherical framework, although the
hyperradius, R = (ρ2ij + ρ2k)1/2, is independent of the
choice of Jacobi coordinates, each set of Jacobi vectors
defines a set of hyperspherical coordinates [128–130], de-
noted collectively by Ωk ≡ {αk, ρˆij , ρˆk}, where
ρij = R sinαk,
ρk = R cosαk, (19)
define the hyperangle αk, and ρˆij and ρˆk are the usual
spherical angles associated with the Jacobi vectors ρ⃗ij
and ρ⃗k, respectively. [The relationship between different
sets of hyperspherical coordinates can also be obtained
from the same kinematic relation between different Ja-
cobi vectors (16) (see also Ref. [106]).] Here, using the
adiabatic hyperspherical representation, the total wave
function is still represented by the adiabatic expansion
(5)
ψ(R,Ω) =∑
ν
Fν(R)Φν(R; Ω), (20)
while the Faddeev decomposition in Eq. (14) is now im-
posed to the channel functions,
Φ(R; Ω) = c1φ(1)(R; Ω1)+ c2φ(2)(R; Ω2) + c3φ(3)(R; Ω3). (21)
Each of the Faddeev components is now determined from
the adiabatic equation (6) for three noninteracting atoms,
[Λ2(Ωk) + 15/4
2µR2
h̵2 −Uν(R)]φ(k)ν (R; Ωk) = 0. (22)
In Eq. (22) the hyperangular kinetic energy operator, Λ2,
is given by
Λ2(Ωk) = − ∂2
∂α2k
− 2(cotαk − tanαk) ∂
∂αk
+ L2ij(ρˆij)
sin2 αk
+ L2k(ρˆk)
cos2 αk
, (23)
where Lij and Lk are the angular momentum operators
for the pair ij and for the relative motion of the kth parti-
cle to the center of mass of the ij pair, respectively. Note
that the hyperradial dependence in Eq. (22) originates
exclusively from the boundary condition (18), which is
now expressed as
1(sinαkΦ) ∂∂αk (sinαkΦ) = −dkRaij , at αk = 0. (24)
In a more general problem, where atoms interact
through some finite-range potential, each of the Faddeev
components of the channel functions [Eq. (21)] should be
expanded in terms of the eigenstates of the total angular
momentum J and azimuthal projection MJ , which are
given by the Clebsch-Gordan series
YJMJlij lk (ρˆij , ρˆk) = ∑
mlijmlk
⟨lijmlij lkmlk ∣JMJ⟩
× Ylijmlij (ρˆij)Ylkmlk (ρˆk), (25)
where Ylm is the spherical harmonic. As usual, the eigen-
states of the total angular momentum [Eq. (25)] satisfy
the rules for angular momentum addition: ∣lij − lk ∣ ≤ J ≤
lij + lk and MJ = mlij +mlk . Within the s-wave zero-
range interaction model (17), however, only states with
lij = 0 and lk = J interact and, as a result, only “parity-
flavorable” angular momentum states, i.e., Jpi states with
pi = (−1)J are relevant (see Ref. [135, 148]). Therefore,
the s-wave interaction approximation allows us to write
the Faddeev components simply as
φ(k)(R; Ωk) = ϕJξ (αk)
sinαk cosαk
Y00(ρˆij)YJMJ (ρˆk), (26)
where ϕ is the eigenfunction of the hyperangular kinetic
energy operator Λ2 in Eq. (23), given by [41]
ϕJξ (αk) = cosJ αk [ ddαk 1cosαk ]J sin [ξ (pi2 − αk)] , (27)
satisfying the boundary condition ϕ(pi/2) = 0. The corre-
sponding eigenvalues are equal to (ξ2 −4), allowing us to
7write [using Eqs. (8) and (22)] the corresponding effective
potential as
Wν(R) = ξ2ν(R) − 1/4
2µR2
h̵2 + h̵2
2µ
Qνν(R), (28)
in terms of the, as yet unknown, parameter ξ. Gen-
eral expressions for the nonadiabatic couplings P and
Q [Eq. (10)] can also be derived in terms of ξ, as shown
in Refs. [102, 149]. For the purpose of our present study,
however, we won’t need to determine the nonadiabatic
couplings. We only need to know their general behavior,
i.e., when and where they are important. For instance,
for R ≪ ∣a∣, since the boundary condition (24) becomes
independent of R, and so are ξ and the channel functions
(21), the nonadiabatic couplings vanish, allowing us to
neglect Q in Eq. (28).
Substituting Eqs. (26) and (21) in the boundary con-
dition (24), one obtains a set of transcendental equa-
tions from which ξ can be finally determined. From the
kinematic relations (16), one can show that for αk = 0,
the other two hyperangles are simply given by αi = γki,
αj = γkj , while the spherical angles are related by ρˆi =
ρˆj = −ρˆk. Using these relations and a bit of algebra, one
can rewrite the boundary condition (24) as
ϕ˙Jξ (0) ck + (−1)JϕJξ (γki)sinγki cosγki ci
+ (−1)JϕJξ (γkj)
sinγkj cosγkj
cj = −dk R
aij
ϕJξ (0) ck, (29)
where the derivative of ϕ at αk = 0 can be determined
analytically for even values of J ,
ϕ˙Jξ (0) =
J-even
(−1) J2 +1ξ J/2∏
j=1 [ξ2 − (2j)2] cos(pi2 ξ) , (30)
and for odd values of J ,
ϕ˙Jξ (0) =
J-odd
(−1) J+12 (J+1)/2∏
j=1 [ξ2 − (2j − 1)2] sin(pi2 ξ) . (31)
Equation (29) defines a homogeneous system of linear
equations for the ci coefficients of Eq. (21), where im-
posing that the corresponding determinant vanishes re-
sults in a transcendental equation determining all possi-
ble values of ξ. Nevertheless, since the channel functions
(21) have no permutation symmetry, this transcendental
equation contains all solutions. In the next section, we
explicitly define the form of the transcendental equations
resulting from the boundary condition (24) that accounts
for the proper permutation symmetry. We then analyze
the solutions ξ and characterize their strength as well as
the attractive and repulsive aspects of the three-body po-
tentials for all relevant three-body systems with s-wave
interactions.
B. Boundary conditions
So far, our approach is completely general and does not
take into account the specific permutational symmetry of
the wave function. Doing so is a requirement for distin-
guishing the solutions for three-body systems with three
identical bosons, BBB, two identical bosons, BBX, and
two identical fermions, FFX. Hereafter, B and F denote
bosonic and fermionic atoms, respectively, while X (or in
some cases, Y or Z) denotes a distinguishable atom that
can be either a boson or fermion with different mass or in
a different spin state. Within the Faddeev approach, the
proper permutation symmetry can be imposed directly in
the total wave function [Eqs. (20) and (21)] in a simple
and intuitive manner. Moreover, in the scenario relevant
for ultracold quantum gases, atoms are found in a single
spin state, which allows for the permutation symmetry
be imposed only on the spacial part of the wave function.
Also, within the adiabatic hyperspherical representation,
since the hyperradius R is invariant under any permuta-
tion, the symmetry properties of the total wave function
(20) are imposed in the channel functions (21) only. It
is important to emphasize that in general, for problems
in which the internal spin structure or the multichannel
nature of the interactions becomes important, the sym-
metrization of the total wave function must be done more
carefully [118, 119, 150].
As we will see next, various properties of three-body
systems will depend only on the mass ratio between the
distinguishable particles rather than on the values of the
individual masses, leading us to define δXY = mX/mY
as the mass ratio between the atomic species X and Y .
Besides determining the proper symmetrized boundary
conditions for each system (expressed in terms of a tran-
scendental equation), we will also analyze various prop-
erties of Efimov physics in terms of the mass ratio and
total angular momentum J . In all cases, however, we will
see that the boundary conditions admit at most a single
purely imaginary solution and an infinite number of real
solutions.
a. Three identical bosons (BBB). An advantage of
the Faddeev representation for the total wave function is
that the symmetrization procedure is simple. To impose
the desired permutational symmetry, one needs to deter-
mine the proper relation between c1, c2 and c3 in the
Faddeev decomposition of the channel function (21) or,
equivalently, in the total wave function (14). For BBB
systems, requiring c1 = c2 = c3 is enough to obtain a com-
pletely symmetric wave function. In this case, using the
symmetrized solution [Eq. (21) with c1 = c2 = c3 = cB ]
and proceeding as with the derivation of Eq. (29), we
find that, for BBB systems, ξ is determined by solving
the transcendental equation
ϕ˙Jξ (0) + 2(−1)JϕJξ (γB)sinγB cosγB = −21/231/4 RaBB ϕJξ (0), (32)
where γB = pi/3, and ϕ and ϕ˙ are given by Eqs. (27),
(30) and (31), respectively. In the range of R where
8R/∣aBB ∣ ≪ 1, this boundary condition becomes R in-
dependent, and ξ becomes constant. As a result, since
nonadiabatic couplings vanish in this case, the effective
potentials in Eq. (28) are simply proportional to R−2
within the range r0 ≪ R≪ ∣aBB ∣. The actual repulsive or
attractive aspect of the three-body interaction within this
range, i.e., whether Eq. (32) admits a purely imaginary
solution, can be determined by inspection. In fact, solv-
ing Eq. (32) for different values of J allows us to conclude
that the Efimov effect can only occur for identical bosons
in the Jpi = 0+ state and where it is associated with the
imaginary solution ξ ≈ 1.00624i [38–41], obtained by sub-
stituting ξ = is0 into Eq. (32) and solving it for s0. For
all other values of Jpi ≠ 0, Eq. (32) only admits real solu-
tions for ξ and, consequently, the three-body potentials
are repulsive. Because of the trigonometric nature of the
terms in Eq. (32), there exist an infinite number of such
real solutions.
b. Two identical bosons (BBX). For bosonic BBX
systems, the most general case involves two types of res-
onant interactions with associated large values for the
aBB and aBX scattering lengths. In ultracold quantum
gases, this situation can occur when there exists an over-
lap between two Feshbach resonances [117]. In this case,
to determine the boundary condition with proper per-
mutation symmetry, we use the symmetrized form of the
wave function (21) obtained by requiring that c1 = cX
and c2 = c3 = cB . The boundary condition (29) now leads
to a system of equations for cX and cB given by
ϕ˙Jξ (0) cB + (−1)JϕJξ (γB)sinγB cosγB cX + (−1)
JϕJξ (γX)
sinγX cosγX
cB
= −(δXB + 1
tanγX
)1/2 R
aBX
ϕJξ (0) cB , (33)
ϕ˙Jξ (0) cX + 2(−1)JϕJξ (γB)sinγB cosγB cB
= −( 2
tanγB
)1/2 R
aBB
ϕJξ (0) cX , (34)
where tanγB = [(δXB +2)/δXB]1/2, tanγX = [δXB(δXB +
2)]1/2, and δXB = mX/mB . For this homogeneous lin-
ear system, requiring the determinant to vanish deter-
mines the value of ξ. As one can see, Eqs. (33) and (34)
depend on the mass ratio δXB instead of the individ-
ual atomic masses, as do their solutions ξ. Nevertheless,
since Eqs. (33) and (34) depend on more than one scat-
tering length, the structure of the three-body potentials
can be, in general, more complicated [117].
We can, however, simplify our analysis for BBX sys-
tems if we assume that the interaction between identical
particles is not resonant, and set aBB = 0. In this case,
one obtains cX = 0 [from Eq. (34)] and the boundary
condition in Eq. (33) reduces to
ϕ˙Jξ (0) + (−1)JϕJξ (γX)sinγX cosγX = −(δXB + 1tanγX )1/2 RaBX ϕJξ (0).
(35)
Analysis of the solutions of this transcendental equation
shows that the Efimov effect occurs for Jpi = 0+ [i.e.,
Eq. (35) admits a purely imaginary solution] for all val-
ues of the mass ratio δXB . For even values of J
pi ≠ 0, the
Efimov effect can also occur, but only for values of the
mass ratio below a critical value, δc. We analyze these
cases in more detail, along with their physical interpreta-
tion in Section III C. On the other hand, for odd values
of Jpi, Eq. (35) only permits real solutions, and the cor-
responding three-body systems are repulsive. A similar
analysis can also be performed if the interaction between
the dissimilar particles is not resonant, i.e., aBX = 0. In
this case, the only resonant pair is the one involving the
identical bosons. This results in cB = 0 [from Eq. (33)],
and Eq. (34) reduces to
ϕ˙Jξ (0) = −( 2tanγB )1/2 RaBB ϕJξ (0). (36)
This equation does not allow for purely imaginary solu-
tions for ξ for any value of the mass ratio δXB and total
angular momentum J . In fact, in the limit R/∣aBB ∣→ 0,
the solutions of Eq. (36) are quite simple, ξ = J + 1, J +
3, J+5, ..., irrespective of the value of the mass ratios [86].
c. Two identical fermions (FFX). For fermionic
FFX systems, the antisymmetric form of the wave func-
tion (21), or, equivalently, the total wave function (14),
is obtained by requiring c2 = −c3 = cF . Evidently, since s-
wave interactions are not allowed for identical fermions,
one has to set the coefficient c1, corresponding to the pair
FF , to zero in Eq. (21). Therefore, for these systems the
only possible scattering length is aFX , and the boundary
condition [Eq. (29)] is considerably simplified,
ϕ˙Jξ (0) − (−1)JϕJξ (γF )sinγF cosγF = −(δXF + 1tanγF )1/2 RaFX ϕJξ (0),
(37)
where tanγF = [δXF (δXF + 2)]1/2 and δXF = mX/mF .
Here, again the transcendental equation depends on the
mass ratio δXF instead of the individual atomic masses,
and so do their solutions ξ. The analysis of Eq. (37)
shows that for all even values of Jpi, no purely imaginary
solutions exist. Thus their resulting effective potentials
are always repulsive within the range r0 ≪ R ≪ ∣aFX ∣.
For odd values of Jpi, however, the Efimov effect can in
fact occur for FFX systems, but only for mass ratios
below a certain critical value, δc, in a way similar to
BBX systems with even values of Jpi. We discuss such
cases in more detail in Section III C.
To illustrate the approach developed in this section,
Figs. 2(a) and 2(b) show a plot of the left-hand side of
Eqs. (35) and (37) for BBX and FFX systems, respec-
tively, for Jpi = 0+ and δXB = δXF = 1 (see green-dashed
and blue dot-dashed lines in Fig. 2). The zeros in these
plots represent the solutions of Eqs. (35) and (37) in the
R/∣a∣ → 0 limit. The red solid line in Fig. 2 corresponds
to the determinant obtained from the nonsymmetrized
boundary condition (29) and shows that our symmetrized
9boundary conditions (35) and (37) correctly reproduce
the full spectrum of solutions.
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FIG. 2. Solutions of the boundary conditions for BBX sys-
tems [Eq. (35)] and FFX systems [Eq. (37)] with Jpi = 0+
and δXB = δXF = 1, green-dashed and blue dot-dashed lines,
respectively. For both complex (a) and real (b) solutions the
boundary conditions for BBX and FFX systems reproduce
the results obtained from a nonsymmetrized wave function
[see Eq. (29)].
C. Conditions for the Efimov effect
In this section we discuss in more detail three-body
systems in which the Efimov effect occurs. The analysis
of solutions to the boundary conditions determined in the
previous section gives us a precise idea of the conditions
under which a particular three-body system will display
an attractive 1/R2 effective potential, which is character-
istic of the Efimov effect. Whenever a particular bound-
ary condition allows for a purely imaginary solution for ξ
for R/∣a∣ ≪ 1, the Efimov coefficient s0 = −iξ determines
the strength of the Efimov potential (13),
Wν(R) = −s20 + 1/4
2µR2
h̵2. (38)
According to our discussion in the previous section, a nec-
essary, but not sufficient, condition for the occurrence of
the Efimov effect is that at least two of the pairs of in-
teractions must be resonant. Efimov’s original work [41]
also claims that the persistence of the Efimov effect is
a result of a delicate balance between the repulsive and
attractive contributions from the kinetic and potential
energies, respectively. We discuss the cases in which the
Efimov effect occurs in terms of this balance, giving fur-
ther insight into the nature of this intriguing phenomena.
We begin with three identical bosons in the Jpi = 0+
state. In this case, the Efimov effect is present and as-
sociated with the solution ξ ≈ 1.00624i of the bound-
ary condition (32) for R/∣aBB ∣ ≪ 1. For the Jpi ≠ 0+
symmetry, Eq. (32) only allows real solutions, i.e., the
system is described by repulsive 1/R2 effective poten-
tials. In contrast, for BBX and FFX heteronuclear sys-
tems, the Efimov effect occurs for even and odd values
of Jpi > 0, respectively, below a critical mass ratio, δ(J)c .
For Jpi = 0+ BBX systems, the Efimov effect occurs for
all mass ratios [41]. From Eqs. (35) and (37), the critical
value of the mass ratio is found to be: δ
(1)
c ≈ 0.073492,
δ
(2)
c ≈ 0.025887, and δ(3)c ≈ 0.013159, for Jpi = 1−,2+ and
3−, respectively. Figure 3 shows the values of ξ, obtained
from Eqs. (35) and (37) in the regime in which R/∣a∣ ≪ 1,
as a function of the relevant mass ratios and indicates the
corresponding values of δc. In Fig. 3, only the lowest so-
lution for each value of Jpi is shown, clearly displaying
the transition from a repulsive (real ξ) to an attractive
(imaginary ξ) interaction regime as the mass ratio de-
creases. In fact, for small mass ratios, the corresponding
values for the Efimov coefficient, s0 = −iξ, diverge as δ−1/2
[41]. For large mass ratios, the attractive solution ξ = is0
disappears or becomes vanishingly small.
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FIG. 3. Values of ξ for BBX and FFX systems obtained
from the solutions of Eqs. (35) and (37), respectively. These
results demonstrate that for BBX systems the Efimov effect
occurs for even partial waves, and the effect occurs for FFX
systems for odd partial waves and values of δ below a critical
δ
(J)
c [δ
(1)
c ≈ 0.073492, δ(2)c ≈ 0.025887,δ(3)c ≈ 0.013159].
The increase of the s0 coefficient for BBX and FFX
systems with small mass ratios implies that systems com-
posed of two heavy and one light particles possess a
stronger attractive 1/R2 effective interaction and can be
thought of as “Efimov favorable” systems. Systems with
large values for s0 have a denser energy spectrum and a
smaller value for the geometric-scaling parameter epi/s0 ,
thus resulting in a better scenario for experimental ob-
servations [85, 151]. On the other hand, systems of two
light and one heavy particles (large mass ratios) have a
weaker attraction and are thought of as “Efimov unfavor-
able” systems. For Jpi = 0+ BBX systems, where both
aBB and aBX scattering lengths are large, the scenario
for the mass ratio dependence of s0 = −iξ is substantially
changed [117]. In this case, setting ∣aBB ∣ = ∣aBX ∣ = ∞
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in Eqs. (33) and (34), we find that the values for the
purely imaginary solution, ξ∗ = is∗0, still diverge for small
δXB ; however, the values remain finite for large δXB .
Figure 4 shows the results for the Efimov constant s∗0
and geometric scaling factor epi/s∗0 (green dashed lines).
For comparison, Fig. 4 also shows the corresponding re-
sults for BBX systems with aBB = 0, and ∣aBX ∣ = ∞,
s0 and e
pi/s0 (solid red lines). We find that the small-
est value for s∗0 occurs at δXB = 1 and corresponds to
the value obtained for BBB systems, s0 ≈ 1.00624 [see
Fig. 4(a)]. As a result, the largest value for epi/s∗0 also
corresponds to epi/s0 ≈ 22.6942 at δXB = 1 [see Fig. 4(b)].
Therefore, the effect of the resonant intraspecies interac-
tion is to make the attractive 1/R2 effective interaction
substantially stronger to the extent that even “Efimov
unfavorable” systems (two light and one heavy particles)
become more favorable.
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FIG. 4. (color online). Mass ratio dependence of the Efimov
coefficients s0 and s
∗
0, (a), and geometric factors e
pi/s0 and
epi/s∗0 , for Jpi = 0+ BBX systems with interspecies resonant
interactions (solid red lines) and both interspecies and in-
traspecies resonant interactions (green dashed lines), respec-
tively. For small mass ratios, s0 and s
∗
0 become identical,
while for large mass ratios, s0 vanishes and s
∗
0 remains finite.
From this analysis, it is clear that the occurrence of
the Efimov effect covers a broad class of systems and
symmetries. Efimov, in his original work [41], interpreted
the critical value of the mass ratio where the attractive
1/R2 effective potential for Jpi ≠ 0 emerges, δc, as the
point at which the attraction induced by the potential
energy overcomes the kinetic energy centrifugal barrier.
This interpretation implies that the effective interaction
for Jpi ≠ 0 can be written as,
− (sJ0 )2 + 1/4
2µR2
h̵2 ≈ −(sJ=00 )2 + 1/4
2µR2
h̵2 + J(J + 1)
2µR2
h̵2, (39)
where sJ0 is the Efimov constant for the system in the J
pi
state. Equation (39) decomposes the effective interaction
in terms of the Jpi = 0+ interaction and a kinetic energy
term proportional to J(J + 1). This decomposition is, of
course, only an approximation. Nevertheless, it allows us
to determine sJ0 as
sJ0 = [(sJ=00 )2 − J(J + 1)]1/2 , (40)
and compare it to the exact values obtained from the
boundary conditions in Eqs. (35) and (37). This com-
parison is shown in Fig. 5, where results from Eq. (40) are
shown as solid lines, and the exact results for Jpi = 1−,
2+ and 3− are shown are shown as dashed, dot-dashed
and dotted lines, respectively. This qualitative agree-
ment clearly indicates that the kinetic energy is the key
factor that prohibits the Efimov effect for Jpi ≠ 0 states
with a mass ratio beyond δc.
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FIG. 5. Comparison between the exact values for s0 from Eqs.
(35) and (37) and the ones obtained considering contributions
from potential and kinetic energy (solid lines), as shown in
Eq. (39).
D. Universal classification scheme
In Section III C, we showed that, as a result of the Efi-
mov physics, the three-body effective potentials are pro-
portional to 1/R2 in the range r0 ≪ R ≪ ∣a∣, with their
strength, as well as their attractive or repulsive character,
depending on the number of resonant pairs, permutation
symmetry, angular momentum state, and mass ratios.
This fact motivated us to propose in Ref. [84] a classifi-
cation scheme of the Efimov physics where all three-body
systems with resonant s-wave interactions can be sorted
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out in one of two categories: three-body attractive sys-
tems (i.e., systems in which the Efimov effect occurs)
and three-body repulsive systems (i.e., systems in which
the Efimov effect is absent). Within this universal clas-
sification scheme, discussed further in Section. IV, three-
body systems falling into the same category have qual-
itatively similar ultracold scattering properties [84, 85].
Here we detail our classification scheme by characteriz-
ing the effective three-body potentials and the important
properties of nonadiabatic couplings between the relevant
three-body channels.
1. Effective potentials and couplings
Taking account of the analysis and discussions pre-
sented in the previous sections, the three-body effective
potentials can be divided into three distinct regions in R,
where different physics controls the specific form of the
interactions: the short-range region, R ≲ r0, the Efimov
region, r0 ≪ R≪ ∣a∣, and the asymptotic region, R≫ ∣a∣.
For distances smaller than the characteristic range of the
interatomic interactions, R ≲ r0, all particles are close
to each other, and the effective potentials depend on the
details of the interatomic potentials. Note that the zero-
range model explored in the previous sections does not
account for the proper behavior of the interatomic in-
teractions at short distances. For this reason, and the
fact that the potentials for R ≲ r0 are nonuniversal, i.e.,
they can vary from system to system, we will not specify
the potentials in this region. However, the importance of
nonuniversal physics will be made clear whenever appro-
priate.
In contrast, the effective potentials within the Efimov
region, r0 ≪ R ≪ ∣a∣, are universally determined. The
fact that the effective potentials in this region can only
be attractive or repulsive 1/R2 effective potentials is what
establishes our classification scheme. Instead of parame-
terizing the potentials in terms of ξ, as shown in Sections
III A and III B, it is more convenient to parameterize the
potentials in a way that reflects the two different cate-
gories. For attractive systems, the potentials within the
Efimov region are parameterized by the coefficients sν :
Wν(R) = −s20 + 1/4
2µR2
h̵2, and Wν(R) = s2ν − 1/4
2µR2
h̵2, (41)
where s0 is the usual Efimov coefficient, and sν (ν >
0) are the coefficients associated with all other repulsive
potentials. Similarly, for repulsive systems the potentials
are now parameterized by the coefficients pν :
Wν(R) = p20 − 1/4
2µR2
h̵2, and Wν(R) = p2ν − 1/4
2µR2
h̵2, (42)
where p0 < pν , characterizing all repulsive potentials
within this category. We note that these potentials only
describe the physics for channels in which s-wave inter-
actions are resonant. Other three-body channels associ-
ated with higher partial-wave states are, to a very good
approximation, insensitive to variation of the scattering
length.
In the asymptotic region, R≫ ∣a∣, the form of the effec-
tive potentials is also universal. The effective potentials
in this region, however, can describe two types of asymp-
totic behavior. They can be associated with molecular
channels that describe atom-molecule scattering and with
three-body continuum channels that describe collisions of
three free atoms. The asymptotic form of the effective
potentials for molecular and continuum channels can be
determined analytically. Their leading-order terms are
given, respectively, by [106, 141, 142]
Wν(R) ≃ Evl′ + l(l + 1)
2µR2
h̵2, (43)
and
Wν(R) ≃ λ(λ + 4) + 15/4
2µR2
h̵2. (44)
In Eqs. (43) and (44), the diatomic molecular state en-
ergy Evl′ is labeled by its ro-vibrational quantum num-
bers v and l′; l is the relative angular momentum between
the molecule and the atom; and λ = 2nλ + l + l′, and nλ
are positive integers labeling the eigenstates of the hy-
perangular kinetic energy operator (23), determined by
the total angular momentum Jpi and permutation sym-
metry. Note, again, that here we are only interested
in channels representing strong s-wave interactions. In
this case, since l and l′ satisfy the triangular inequality,∣l − l′∣ ≤ J ≤ l + l′, for an s-wave state, we have l′ = 0
and l = J , restricting the number of relevant molecular
and continuum channels. In fact, although, in general,
many molecular channels (43) can exist, the only one
relevant for strong s-wave interactions is the one asso-
ciated with the molecular state for a > 0, with energy
E∗v0 ∝ −1/a2. Channels associated with non s-wave inter-
actions are largely insensitive to a and can be simply de-
scribed by the potentials in Eqs. (43) and (44) for R≫ r0.
These channels correspond, respectively, to deeply bound
molecular channels and continuum states associated with
states where l′ ≠ 0 [106].
The connection between the potentials in the Efimov
and asymptotic regions is made in a one-to-one corre-
spondence according to their energy and occur smoothly
across R = ∣a∣ [142]. For instance, the lowest potential in
the Efimov region smoothly connects to the lowest po-
tential in the asymptotic region. The physics implied
from these connections, however, depends on the sign of
a, because of the presence of the s-wave weakly bound
diatomic molecule for a > 0. For instance, for three-body
attractive systems, when a > 0, the attractive 1/R2 ef-
fective potential in Eq. (41) occurs in the weakly bound
molecular channel (43), while all repulsive 1/R2 effective
potentials in Eq. (41) connect to the continuum channels
(44). For a < 0, however, the attractive 1/R2 effective po-
tential occurs in the lowest three-body continuum chan-
nel in Eq. (44) —associated with the lowest-allowed value
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of λ. All other repulsive potentials in Eq. (41) connect
to the other higher-lying continuum channels in Eq. (44).
A similar analysis applies for the repulsive systems.
Figure 6 shows a schematic representation of the rel-
evant low-lying potentials for both attractive [Figs. 6(a)
and (b)] and repulsive [Figs. 6(c) and (d)] systems with
a > 0 and a < 0. Note that the form of the potentials
near R = ∣a∣ is omitted in this schematic representation
since their actual form are different from Eqs. (43)-(42).
The potentials in this region, however, are smooth func-
tions of R and are also expected to be universal. We
also omitted the form of the potentials in the R ≲ r0 (see
shaded region in Fig. 6), because the potentials within
this region are expected to be nonuniversal. The con-
nection between the effective potentials in the Efimov
and asymptotic regions can be derived by following the
proper labels in the figure. For a > 0 [Figs. 6(a) and
(c)], the channel α connects asymptotically to the lowest
continuum channel, while the channel β connects asymp-
totically to the s-wave weakly bound molecular channel.
For a < 0 [Figs. 6(b) and (d)], since the weakly bound
molecular channel is absent, the α and β channels con-
nect asymptotically to the second-lowest and lowest con-
tinuum channels, respectively. The channel γ in Fig. 6
represents collectively all possible (nonresonant) deeply
bound molecular channels, γ ≡ {γ1, γ2, ...}, that are in-
sensitive to variations of a. Figure 6 also represents
schematically the nonadiabatic couplings for the relevant
channels, i.e., Wαβ , Wαγ , and Wβγ , in the regions where
inelastic transitions are most likely. At short distances,
R ≲ r0, since all particles are close together, nonadiabatic
couplings are expected to be strong between all channels.
Near R = ∣a∣, however, since only the α and β channels
vary strongly with a, only the Wαβ coupling is expected
to be important. We have verified all these assumptions
numerically [142].
Figure 6 represent all relevant channels and couplings
necessary to describe three-body scattering processes at
ultracold energies, as will be further explored in Section
IV. The particular form of the potentials and couplings
near R = r0 and R = ∣a∣ will be shown to be encapsulated
in specific constants within our model. Simply knowing
the leading-order terms of the potentials and the general
form of the nonadiabatic couplings is enough to deter-
mine the pathways for elastic and inelastic collisions as
well as the resulting energy and scattering length depen-
dence of the ultracold three-body scattering observables.
2. Summary: Classification scheme
Accordingly to the discussion in the previous section,
the classification of strongly interacting (s-wave) three-
body systems relies on the understanding of Efimov
physics, which determines whether a system falls into the
category for attractive or repulsive systems. There exist,
however, only four types of systems that allow for s-wave
interactions, namely: BBB, BBX, FFX andXY Z (i.e.,
three dissimilar particles). In the case of homonuclear
systems, BBX, FFX and XY Z systems will be rep-
resented by BBB′, FFF ′ and BB′B′′ (or FF ′F ′′), re-
spectively, where the prime indicates a different internal
spin state. For homonuclear systems, Table I lists the
two lowest Efimov coefficients, sν and pν controlling the
strength of the 1/R2 effective potentials for attractive
and repulsive systems [Eqs. (41) and (42)], respectively.
These results were obtained by solving Eqs. (32)–(37).
Table I also lists the quantum numbers l and λ charac-
terizing the system’s asymptotic behavior [see Eqs. (43)
and (44)]. The only homonuclear systems that fall into
the category of attractive systems are BBB and BBB′
(aBB′) in the Jpi = 0+ state. The table also displays the
solutions for XY Z (aXY ) systems, since those have the
same values for pν as BBB
′(aBB) systems, regardless of
the mass ratios.
TABLE I. Coefficients and asymptotic quantum numbers
characterizing the effective potentials for homonuclear three-
body systems. In the range r0 ≪ R ≪ ∣a∣, the potentials
are characterized by the Efimov coefficients, sν and pν , [see
Eqs. (41) and (42)]. For R ≫ ∣a∣ the s-wave weakly bound
molecular channel is characterized by the relative atom-
molecule angular momentum l(= J), and three-body contin-
uum channels are determined by the values of λ [see Eqs. (43)
and (44)]. Note that the quantum numbers l and λ do not
depend on the atomic mass ratios.
r0 ≪ R≪ ∣a∣ R≫ ∣a∣
System Jpi s0 s1 l λ
BBB(aBB) 0
+ 1.0062378 4.4652946 0 0, 4, ...
1− 2.8637994(p0) 6.4622044(p1) 1 3, 5, ...
2+ 2.8233419(p0) 5.5082494(p1) 2 2, 4, ...
BBB′(aBB′) 0+ 0.4136973 3.4509891 0 0, 2, ...
1− 2.2787413(p0) 3.6413035(p1) 1 1, 3, ...
2+ 2.9073507(p0) 5.2232519(p1) 2 2, 4, ...
System Jpi p0 p1 l λ
FFF ′(aFF ′) 0+ 2.1662220 5.1273521 0 2, 4, ...
1− 1.7727243 4.3582493 1 1, 3, ...
2+ 3.1049769 4.7954054 2 2, 4, ...
BBB′(aBB) 0+ 1.0000000 3.0000000 0 0, 2, ...[XY Z(aXY )] 1− 2.0000000 4.0000000 1 1, 3, ...
2+ 3.0000000 5.0000000 2 2, 4, ...
For heteronuclear systems, the classification of three-
body systems into attractive and repulsive systems, as
well as the strength of their interactions, depends on the
value of the mass ratios. In fact, three-body effective
potentials can change their nature from repulsive to at-
tractive for mass ratios smaller than the critical value,
δc. This change in nature is shown in Fig. 7 for the
mass ratio dependence of the coefficients sν and pν for
BBX and FFX systems, which can be obtained by solv-
ing Eqs. (35) and (37), respectively. In this figure, while
Jpi = 0+ BBX systems always fall into the category of at-
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FIG. 6. Schematic representation of the effective potentials and couplings for attractive, (a) and (b), and repulsive, (c) and
(d), three-body systems. For a > 0, (a) and (c), the channel “α” denotes the lowest continuum channel and represents collisions
of three free atoms. “β” denotes the weakly bound molecular channel, representing atom-molecule collisions, and “γ ≡ {γ1,
γ2, ...}” collectively denotes deeply bound (nonresonant) molecular channels. For a < 0 ((b) and (d)), however, since there are
no weakly bound molecules, both “α” and “β” channels describe three free atoms.
tractive systems, Jpi-even states are only attractive sys-
tems for δ < δc. A similar result applies to FFX systems,
where the system is attractive only for Jpi-odd states with
δ < δc (see Section III C). For all other cases, the systems
fall into the category of repulsive interactions. There-
fore, to establish the classification of heteronuclear sys-
tems, one needs to account for their proper mass ratio
dependence. This accounting is done in Table II, which
summarizes the classification of three-body systems with
s-wave resonant interactions. The only restriction made
while classifying the systems listed in Table II is that
only one type of interaction is resonant, i.e., interspecies
and intraspecies interactions are not simultaneously res-
onant. When the system has strong interspecies and in-
traspecies interactions, e.g., when different Feshbach res-
onances overlap [117], our classification scheme does not
necessarily apply, since now the system can have mixed
characteristics of both categories (see Ref. [117]).
The present classification scheme allows general results
to be obtained for the relevant scattering observables in
three-body systems, as it will more become evident in
Section IV. In fact, we find that systems that fall into
the same category share similar scattering properties be-
cause of their shared potential and coupling structure.
For instance in attractive systems, scattering observables
display a nontrivial dependence on the scattering length
that is intimately related to the Efimov effect. For re-
pulsive systems, scattering observables have, in general,
a simpler scattering length dependence characterized by
the suppression of inelastic processes. In both cases, how-
ever, the behavior of three-body scattering observables is
a direct consequence of Efimov physics.
E. Efimov and other universal states
Before we move towards analyzing the relevant scat-
tering processes in ultracold gases, which are described
in detail in the next section, it is instructive to build
up an intuition of some of their properties derived from
the energy spectrum for strongly interacting three-body
systems. Understanding the energy spectrum gives an
intuitive idea of when important resonant effects appear
in ultracold scattering observables.
For systems in which the Efimov effect occurs (see Ta-
ble II), it is important to realize that the attractive 1/R2
effective interaction only holds for r0 ≪ R≪ ∣a∣. In that
sense, an infinity of Efimov states is only obtained when∣a∣ =∞. For large, but finite, values of a only a finite num-
ber of states can exist. In Fig. 8(a), we show schemati-
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FIG. 7. Coefficients sν and pν for the effective potentials Eqs. (41) and (42) for BBX(aBX), (a)–(d), and FFX(aFX), (e)–(h),
systems as a function of the mass ratio δ. The figure shows that BBX systems in Jpi > 0(even) states display an attractive
interaction for δ < δc, while in FFX systems, the attractive interaction appears for δ < δc and Jpi(odd). Here, δ(1)c ≈ 0.073492,
δ
(2)
c ≈ 0.025887 and δ(3)c ≈ 0.013159
.
TABLE II. Summary of the classification of three-body sys-
tems with s-wave resonant interactions in terms of Efimov
physics. Attractive and repulsive systems are indicated by
categories Attract. and Repuls., respectively. We also have
indicated the relevant scattering length a specifying which
pair interaction is resonant.
System Category Total Angular Momentum, Jpi
BBB(aBB) Attract.: 0
+
Repuls.: Jpi > 0
BBX(aBX) Attract.: 0
+, Jpi(even) > 0 [δ < δ(J)c ]
Repuls.: Jpi(even) > 0 [δ > δ(J)c ], Jpi(odd)
FFX(aFX) Attract.: J
pi(odd) [δ < δ(J)c ]
Repuls.: Jpi(odd) [δ > δ(J)c ], Jpi(even)
BBX(aBB) Repuls.: All J
pi
XY Z(aXY ) Repuls.: All Jpi
cally the energies of the lowest three Efimov states (green
dashed lines) —the shaded area in the figure indicates the
region of the spectrum in which other high-lying states
would appear. Note that although we indicate that such
a spectrum corresponds to a BBB system, the same gen-
eral form of the spectrum is also valid for any attractive
system. As expected, Fig. 8(a) shows that as ∣a∣ increases,
the number of Efimov states increases. In fact, an esti-
mate of the number of Efimov states can be obtained
from [41]
N ≈ s0
pi
ln(∣a∣/r0). (45)
This result implies a fundamental property of the Efi-
mov effect: whenever a is increased by the geometric
factor epi/s0 , a new Efimov state is formed. This prop-
erty is also shown in Fig. 8(a). For a > 0, Efimov states
emerge from the atom-molecule threshold (B2 + B) in
Fig. 8(a), corresponding to the weakly bound molecu-
lar channel, as illustrated in Fig. 8(b). For a < 0, how-
ever, Efimov states emerge from the three-body breakup
threshold (B+B+B), which now corresponds to the low-
est three-body continuum, as schematically represented
in Fig. 8(c). As we can see in both cases, as ∣a∣ in-
creases, so does the range in which the attractive 1/R2
effective potential holds (r0 ≪ R ≪ ∣a∣), thus causing
the increase on the number of Efimov states the sys-
tem can support. In terms of the scattering properties,
it is evident that the formation of Efimov states as a
increases should lead to characteristic Efimov features,
such as interference minima and/or resonance peaks, in
the low-energy three-body scattering observables. More-
over, Efimov features in scattering observables should be
expected to log-periodic, since a new state is formed any
time a → a × epi/s0 . From Figs. 8(b) and (c), it is clear
that resonant features associated with the formation of
an Efimov state should lead to an enhancement of atom-
molecule collisions (a > 0) and collisions involving three-
free atoms (a < 0). In Section IV we will see that this is,
in fact, the case. We will also see that other less obvious
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interference effects can occur in scattering observables
that are also related to Efimov states.
For three-body systems in which Efimov physics leads
to a repulsive interaction within the range r0 ≪ R ≪ ∣a∣
(Table II), the expectation is that no three-body bound
states would be allowed. However, for some cases, other
equally universal three-body states do exist. A new class
of states was discovered by Kartavtsev and Malykh [102]
for FFX systems in the Jpi = 1− state and with mass
ratios δXF > δc ≈ 0.073492. For a given value of aBX > 0,
they found that up to two three-body states can exist for
δc ≤ δXF ≤ 0.12236. Recent studies [103–105] have shown
that such Kartartsev-Malykh (KM) states can also oc-
cur for BBX (Jpi ≠ 0-even) systems and other FFX
(Jpi-odd) systems, showing that KM states represent a
novel class of three-body states with interesting univer-
sal properties. We illustrate the typical energy spectrum
of KM states (green dashed lines) in a FFX system in
Fig. 8(d). One important feature of such KM states
is that their energies are proportional to the diatomic
molecular state, −1/2µFXa2FX (where µFX is the two-
body reduced mass). In fact, in the adiabatic hyperspher-
ical representation, KM states occur in the weakly bound
molecular channel and lie in a potential well near R = a,
as represented schematically in Fig. 8(e). As a result,
atoms in KM states can not all be enclosed within dis-
tances comparable with r0, in strong contrast to Efimov
states, whose atoms can access distances well within the
region r0 ≪ R≪ ∣a∣. In terms of the scattering properties
for systems displaying KM states, since such states exist
for all values of a > 0, their signatures can only be deter-
mined via their mass dependence. In fact, signatures ex-
ist for both collisions between three free atoms [102, 152]
and atom-molecule collisions [103, 104]. Depending on
how close the KM state is to the atom-molecule thresh-
old, enhancements and interference effects can occur. As
we see next, such effects can be incorporated in terms of
a universal, mass-ratio-dependent, phase.
.pdf
IV. PATHWAYS FOR ULTRACOLD
COLLISIONS
In this section we provide a detailed analysis of a
framework for obtaining ultracold three-body rates in a
simple and unifying picture. Our method [84–86, 117–
119] relies primarily on recognizing the dominant path-
ways in which a particular collision process can oc-
cur. This formulation not only makes evident the main
physical mechanisms controlling the collision processes,
but also demonstrates the pervasive influence of Efimov
physics in determining the scattering length dependence
of the collision rates. In our approach, the limiting steps
controlling the ultracold collision rates are tunneling,
transmission, and reflection through three-body effective
potentials. A simple WKB analysis [120] is sufficient to
determine both the energy and scattering length depen-
dence of the rates and to elucidate the origin of universal
behavior.
A. The general idea
We analyze both elastic and inelastic scattering observ-
ables using the classification scheme described in Section
III D and derive general results for all relevant three-body
systems with resonant s-wave interactions. As we will
see, Efimov physics is associated with striking differences
between collision processes for attractive and repulsive
systems. In attractive systems (see Table II), the forma-
tion of Efimov states as the scattering length increases
leads to characteristic interference minima and resonance
peaks in the three-body scattering observables. Such
Efimov features appear whenever the scattering length
is changed by the geometric factor epi/s0 . For repulsive
systems (see Table II), Efimov physics also impacts the
scattering length dependence of the three-body rates and
in various cases, is responsible for the suppression of the
inelastic collision rates and other universal properties.
Within our model, scattering processes at ultracold en-
ergies proceed mainly via tunneling in the initial collision
channel, following by transitions, transmission and/or re-
flection depending on the structure of the effective poten-
tials, Wν , and nonadiabatic couplings, Wνν′ [see Eqs. (8)
and (9)]. This simple physical picture can easily be ap-
plied to the schematic representation of effective poten-
tials and couplings, as described in Fig. 6. This figure
shows that, since couplings can peak in more than one
place, and effective potentials can change in different re-
gions, the probability for a particular scattering process
depends on contributions from multiple pathways. At ul-
tracold energies, however, only a few pathways will dom-
inate the scattering event, where the dominance can sim-
ply determined by the WKB tunneling probability
P (ν)x→y = exp⎡⎢⎢⎢⎢⎣−2∣∫
x
y
¿ÁÁÀ2µ
h̵2
(Wν(R) + 1/4
2µR2
h̵2)dR ∣⎤⎥⎥⎥⎥⎦ ,
(46)
calculated along the different parts of the potentials. [In
Eq. (46), x and y are the usual inner and outer classical
turning points, and (1/4)h̵2/(2µR2) corresponds to the
semiclassical Langer correction [120].] Since the tunnel-
ing probability in Eq. (46) depends on the effective po-
tentials, the relative importance of each pathway, as well
as possible interference between them, will strongly de-
pend on the nature of the three-body interactions. More-
over, since in all cases the couplings peak near R = ∣a∣
and/or R = r0, the evaluation of the tunneling proba-
bilities through a particular pathway will cover regions
that span both kinds of potentials characterizing the two
categories of three-body systems [Eqs. (41)–(44)].
One of the advantages of using a pathway analysis for
scattering processes is that it allows for the identification
of the main physical mechanisms that control scattering
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Efimov States KM States
FIG. 8. (a) Schematic representation of the energy spectrum of Efimov states (green dashed lines). For a < 0 Efimov states
are bound below the three-body continuum (E = 0), while for a > 0 they are bound below the atom-molecule threshold (solid
red line). (b) and (c) show a schematic representation for effective potentials for a < 0 and a > 0, respectively. (d) Schematic
representation of the KM states’ energy spectrum (green dashed lines) for a FFX system. KM states exist only for aFX > 0
and are bound below the atom-molecule threshold (solid red line). (e) shows a schematic representation of effective potentials
in this class of three-body systems.
events. Moreover, a pathway analysis also lets us de-
termine whether a particular collision process has a uni-
versal character or not. For instance, collision processes
whose pathways only involve transitions and/or reflec-
tions occurring near R = ∣a∣ (∣a∣ ≫ r0) are expected to be
universal. On the other hand, processes where pathways
are affected by the physics near R = r0 will be expected
to have nonuniversal contributions that depend on the
details of the interatomic interactions. Note that our
piecewise representation of the three-body effective po-
tentials in Fig. 6 makes it simple to obtain analytical re-
sults for tunneling probabilities (46) and other important
phases (responsible for interference and resonant effects)
involved in the determination of scattering observables.
However, while determining the probability for scatter-
ing through a particular pathway, the actual nonpiece-
wise character of the effective potentials will be encap-
sulated into specific constants that often have a simple
physical interpretation. Such constants, whenever hav-
ing a universal character (originating from the physics
near R = ∣a∣), will be represented by capital letters (A,
B, C, etc.). Constants depending on the short-range
form of the three-body interactions (originating from the
physics near R = r0) will be represented by capital let-
ters with an index η (Aη, Bη, Cη, etc.) and will be
referred as nonuniversal. Further studies, however, are
needed to fully determine whether such constants have
any residual universal character. Although our present
simple pathway analysis is not capable of determining
the values of such constants, it offers a unifying picture
in which the importance of the Efimov physics in de-
termining the scattering length dependence of scattering
observables becomes clear and intuitive.
B. Three-body inelastic collisions
Since the early years after the experimental realiza-
tion of ultracold atomic and molecular gases, three-body
inelastic processes have been largely recognized as the
main mechanism controlling the lifetime and stability
of such systems [22–32]. Therefore, the general pic-
ture for three-body inelastic processes, and their relation
to Efimov physics, provided in this section, are neces-
sary for determining the factors that control the stability
of a variety of strongly interacting atomic and molec-
ular gases. For pure atomic gases, the main inelastic
loss process is three-body recombination. Here, three
free atoms collide to form a diatomic molecule and a
free atom (X + Y + Z → XY + Z), releasing kinetic en-
ergy that corresponds to the molecular binding energy,
which is sufficient to eject both atoms and molecules
from typical traps [34–37, 153]. Note that under some
conditions, weakly bound molecules formed through re-
combination can still remain trapped [89–92] because of
their extremely small binding energy. For that reason,
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we treat recombination into weakly and deeply bound
molecules separately. For atom-molecule gas mixtures,
atom-molecule relaxation plays a fundamental role in de-
termining the lifetime of the mixture. In this case, col-
lision of atoms with weakly bound diatomic molecules
can stimulate inelastic transitions to more deeply bound
molecular states (XY ∗ + Z → XY + Z), again releasing
enough kinetic energy to cause losses. Atom-molecule
relaxation is defined here as the process in which an
atom collides with a molecule leading to a transition
to any lower-lying diatomic molecular state. However,
if the gas temperature is high enough or the molecu-
lar binding energy too small, collision-induced dissoci-
ation can also lead to a loss of weakly bound molecules
(XY ∗ +Z → X + Y +Z). This process is the time rever-
sal process of recombination, but the final products can
still remain trapped. Here we determine the scattering
length dependence of each of these inelastic processes in
light of the classification scheme established in Section
III D, making clear the relevance of Efimov physics.
1. Pathways for inelastic collisions
In general, for a typical three-body collision process
there exist many possible pathways along which the col-
lision can proceed. This large number of pathways is
associated with both the infinite number of continuum
channels and the usually large number of diatomic molec-
ular channels. At ultracold collision energies, however,
it is possible to identify a small number of pathways
from which the general energy and scattering length de-
pendence of three-body scattering rates can be derived.
While the dominant pathways can be determined by sim-
ple energy arguments, based on the Wigner threshold
laws [154], some of these pathways, which involve various
subsequent inelastic transitions and/or additional tunnel-
ing effects, will represent higher-order corrections to the
scattering rates and will be neglected in this analysis. In
fact, the effective potentials and couplings in Fig. 6 dis-
play the only channels necessary to determine the domi-
nant pathways for the processes we are interested in, and
we follow closely the schematic representation in Fig. 6
throughout this section. Moreover, since the structure
of nonadiabatic couplings is the same for both attractive
and repulsive systems (both peak near R = r0 and/or ∣a∣),
the relevant pathways for our analysis will be the same
regardless of the classification of the three-body system.
The specific form of the potentials, however, is crucial in
determining the energy and scattering length dependence
of the scattering observables. Here, we simply describe
the dominant pathways for each of the inelastic scatter-
ing processes relevant for ultracold quantum gases. The
explicit form of the transition probabilities, and their re-
sulting dependence on energy and scattering length are
left to the Sections IV B 2, IV B 3, and IV B 4 .
a. Three-body recombination. For three-body re-
combination, we separately describe the pathways for re-
combination processes leading to the formation of weakly
and deeply bound molecules. These two processes have
a distinct dependence on the scattering length because
of fundamental differences in the collision pathways. For
a > 0, the initial channel for recombination in both cases
is represented by the channel α in Figs. 6(a) and (c).
From the structure of the nonadiabatic couplings, the
most dominant pathways for recombination into weakly
bound molecules, i.e., pathways that start in channel α
and finish in channel β, can be represented diagrammat-
ically as in Fig. 9(a). The pathways (I) and (II) both
describe three free-incoming atoms in the channel α un-
dergoing an inelastic transition to channel β near R = a,
Wαβ . While in pathway (I) molecules are formed just af-
ter this transition, in pathway (II) atoms can still reach
short distances in channel β before forming a molecular
state. In pathway (III), atoms approach each other at
short distances (R = r0) and undergo an inelastic tran-
sition to channel β, forming a weakly bound molecular
state. For recombination into deeply bound molecules,
the two dominant pathways are shown in Fig. 9(b). Here,
pathway (I) represents atoms approaching each other,
making an inelastic transition to channel β near R = a,
and following an inelastic transition to the final state in
channel γ. In pathway (II), the inelastic transition to
channel γ only occurs at short distances. For a < 0, no
weakly bound molecular state exists, and only recom-
bination into deeply bound molecules can happen [see
Figs. 6(b) and (d)]. In that case, the initial channel for re-
combination is the channel β, and the relevant pathways
are shown in Fig. 9(c). While in pathway (I) inelastic
transitions occur only at short distances, in pathway (II)
an inelastic transition to an excited three-body contin-
uum (channel α) occurs near R = ∣a∣ before transitioning
to the final channel γ.
b. Collision-induced dissociation. At ultracold tem-
peratures the only dissociation process that can happen
involves weakly bound molecules formed when a > 0.
In this case, dissociation is the time-reverse process of
three-body recombination into weakly bound molecules.
Therefore, the pathways for dissociation are the reverse
of the pathways for recombination; they are shown in
Fig. 9(d). As shown later, however, the pathways for
dissociation will imply a different energy and scattering
length dependence than found for recombination, mostly
due to the differences in their initial collision states.
c. Atom-molecule relaxation. The pathways for in-
elastic collisions between an atom and the weakly bound
molecular state for a > 0 are shown in Fig. 9(e). In path-
way (I) atoms in channel β closely approach each other
and experience an inelastic transition to the final deeply
bound molecular channel γ. In pathway (II), an addi-
tional inelastic transition to the three-body continuum
(channel α) can occur near R = a before the transition to
the final channel γ takes place.
d. Phases and amplitudes. Within our pathway
analysis we determine the transition probabilities assum-
ing that each pathway contributes with a probability am-
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FIG. 9. Pathways for recombination, (a)-(c), dissociation, (d), and relaxation, (e). The relevant nonadiabatic couplings, Wνν′ ,
driving inelastic transitions along the pathways are indicated in the figure in the region in which they are expected to be
enhanced (see Fig. 6). For a > 0, the channels α, β, and γ correspond to the lowest continuum, weakly, and deeply bound
molecular channels, respectively, and are represented in Fig. 6(a) and 6(c). For a < 0, however, the channels α and β correspond
to the first-excited and lowest continuum channels represented in Figs. 6(b) and 6(d).
plitude given by Aj = eiφj ∣Aj ∣, where
φj = ∫
¿ÁÁÀ−2µ
h̵2
(W (R) + 1/4
2µR2
)dR − pi
2
(47)
is the WKB phase accumulated along the pathway [120],
calculated whenever the system is in a classically allowed
region, and ∣Aj ∣2 is the corresponding probability for such
a pathway, determined simply from the tunneling prob-
ability in Eq. (46). The total transition probability, as
usual, is determined from the coherent sum of the ampli-
tudes for each pathway, i.e.,
∣Tfi∣2 = ∣∑
j
Afij ∣2
=∑
j,k
∣Afij ∣∣Afik ∣ cos(φj − φk), (48)
where j and k (=I, II, III, ...) label the collision path-
ways, starting from the initial state i to the final state
f . Complications occur, however, when three-body res-
onances appear in the initial collision channel. For such
cases, we extend our pathway analysis to incorporate the
proper resonant effects.
2. Three-body recombination
The general difficulty of accurately describing three-
body recombination, X + Y + Z → XY + Z, is related
to the infinite number of incoming continuum chan-
nels and the many possible final molecular states, which
can make numerical calculations extremely challenging
[112, 143, 155, 156]. Within our pathway analysis, how-
ever, since we are mostly interested in the energy and
scattering length dependence of the rates, a number of
simplifications are possible. Formally, the recombina-
tion rate is given in terms of the T -matrix elements as
[135, 157]
K3 = n!∑
fi
32pi2h̵
(2J + 1)
µk4
∣Tfi∣2, (49)
where n is the number of identical particles, i and f
label all possible initial and final states, respectively,
and k2 = 2µE/h̵2 is the incoming wave vector. Within
our model, we interpret ∣Tfi∣2 as simple transition prob-
abilities (48). Because of the Wigner threshold laws
[143, 154], the energy and scattering length dependence
for recombination determined solely from the properties
of the lowest few continuum states, and the effects of
all deeply bound states can be encapsulated in a single
parameter, greatly simplifying the problem.
As a first step, the transition probabilities ∣Tfi∣2 in
Eq. (49) are expressed in terms of the contributions from
the relevant recombination pathways shown in Fig. 9.
For a > 0, recombination into weakly bound states is
described by the pathways (I), (II), and (III) in Fig. 9(a),
and the probability for recombination is determined by
∣Tβα∣2 = ∣AβαI ∣2 + ∣AβαII ∣2 + ∣AβαIII ∣2 + 2∣AβαI ∣∣AβαII ∣× cos(φI − φII) + 2∣AβαI ∣∣AβαIII ∣ cos(φI − φIII)+ 2∣AβαII ∣∣AβαIII ∣ cos(φII − φIII), (50)
where the corresponding amplitudes for recombination
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can be derived from the pathways in Fig. 9(a) as,∣AβαI ∣2 = P (α)rc→aP (β)a→∞,∣AβαII ∣2 = P (α)rc→aP (β)a→r0P (β)r0→aP (β)a→∞,∣AβαIII ∣2 = P (α)rc→aP (α)a→r0P (β)r0→aP (β)a→∞. (51)
In Eq. (51), rc = (λ + 2)/k is the outer classical turning
point for recombination, determined from the asymptotic
form of the effective potentials in Eq. (44), including the
Langer correction [120]. (Evidently, at ultracold ener-
gies one can assume that rc ≫ ∣a∣.) Note that the no-
tation used for the probabilities [see Eqs. (51)] translate
contributions from each pathway into a simple and pre-
cise form. For instance, in the transition probability in
Eq. (51) corresponding to the pathway (I) in Fig. 9(a),∣AI∣2, P (α)rc→a represents the probability of reaching R = a
from R = rc through the channel α, while P (β)a→∞ indicates
that the atom-molecule compound, described by channel
β, was formed and represents the exit channel contribu-
tion. Note that since there is no tunneling in the final
(exit) channel between R = a (or R = r0) and R =∞, the
corresponding probabilities will be simply constant. The
derivation of the pathways contributions to the transition
probability for recombination into deeply bound states is
done in a similar way. In this case, the relevant transition
probability is determined from contributions of pathways
(I) and (II) in Fig. 9(b) and is given by∣Tγα∣2 = ∣AγαI ∣2 + ∣AγαII ∣2 + 2∣AγαI ∣∣AγαII ∣ cos(φI − φII), (52)
where, now, we have∣AγαI ∣2 = P (α)rc→aP (β)a→r0P (γ)r0→∞,∣AγαII ∣2 = P (α)rc→aP (α)a→r0P (γ)r0→∞, (53)
with γ generically representing the set of deeply bound
molecular channels (see Fig. 6). In principle, Eq. (52)
should include all possible deeply bound channels and
associated values of γ. However, since all terms would
then share the same probabilities from channels α and β,
this sum can be encapsulated in a single term, namely,
P
(γ)
r0→∞. Equations (51) and (53) fully determine the tran-
sition probability for recombination processes for a > 0.
For a < 0, only recombination into deeply bound
molecules can occur, and the relevant pathways are
shown in Fig. 9(c). Although such recombination pro-
cesses occur only at short distances (R ≈ r0), they can
proceed via a direct transition, as described by pathway
(I), or via an indirect transition, described by the path-
way (II). These two pathways contribute to recombina-
tion into deeply bound molecules (a < 0), resulting in the
following expression for the recombination probability,∣Tγβ ∣2 = ∣AγβI ∣2 + ∣AγβII ∣2 + 2∣AγβI ∣∣AγβII ∣ cos(φI − φII), (54)
where ∣AγβI ∣2 = P (β)rc→∣a∣P (β)∣a∣→r0P (γ)r0→∞,∣AγβII ∣2 = P (β)rc→∣a∣P (α)∣a∣→r0P (γ)r0→∞. (55)
The above formulas for the transition probabilities are
quite general and were obtained by considering only the
position where the coupling peaks. The actual shape of
the three-body effective potentials reveals the energy and
scattering length dependence for recombination. Within
our model, however, the energy dependence of the tran-
sition probabilities is solely determined by the tunneling
probability in the initial channel, from rc = (λ + 2)/k to∣a∣, and is present in all pathways [see Eqs. (50)-(55)].
For recombination, since the potential Wν in the initial
channel is given by Eq. (44), this tunneling probability
can be determined from Eq. (46) as
P (α)rc→a∝ (ka)2λ+4 and P (β)rc→∣a∣∝ (k∣a∣)2λ+4, (56)
for a > 0 and a < 0, respectively. Therefore, for a given
three-body system, the lowest value of λ, determined
from the permutation symmetry (see Table I), dictates
the leading-order energy behavior of recombination, in
complete analogy to the Wigner threshold law for recom-
bination [154]. Note that Eqs. (56) already introduce
some scattering length dependence for recombination.
The complete scattering length dependence, however, can
still be strongly modified by the tunneling probability in
the Efimov region, r0 ≪ R ≪ ∣a∣, thus depending on the
category the system falls under. In the next two sections,
recombination for each category is discussed, along with
the determination of contributions from Efimov physics.
a. Recombination for attractive systems. Three-
body recombination for systems that fall into the attrac-
tive class [see Figs. 6(a) and (c) and Table II] is expected
to be strongly affected by the Efimov effect. For those
cases, the effect of the attractive potential in the region
r0 ≪ R ≪ ∣a∣ [Eq. (41)] is mostly carried out through
the WKB phases in Eq. (47). However, since no tunnel-
ing occurs in this region, the corresponding probabilities
within this region will be independent of energy and scat-
tering length. This phase accumulation will lead to the
usual interference and resonant phenomena related to the
Efimov effect.
For recombination into s-wave weakly bound molecules
(a > 0), the pathways (I), (II), and (III) in Fig. 9(a) lead
to amplitudes (51) given by
∣AβαI ∣2 = A2(ka)2λ+4,∣AβαII ∣2 = A2e−4η(ka)2λ+4,∣AβαIII ∣2 = B2e−4η (r0a )2s1 (ka)2λ+4, (57)
and corresponding phase differences φI − φII =−2[s0 ln(a/r0) + Φ], φI − φIII = −[s0 ln(a/r0) + Φ], and
φII − φIII = s0 ln(a/r0) +Φ, as determined from Eq. (47).
Note that in the definition of the phases from pathways
(II) and (III), an unknown three-body phase Φ has been
introduced. This phase encapsulates phase accumulated
in the region near R = r0 where the form of the potentials
in Eq. (41) is not expected to hold. Note also that the
expressions for AII and AIII account for the possibility
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of loss of amplitude in these pathways due to decay into
deeply bound molecular channels, whose probability is
given by (1− e−4η), where η is the inelasticity parameter
[42] (η ≪ 1 meaning low decay probability and η ≫ 1
high decay probability). The above considerations lead
to the following expression for recombination into weakly
bound molecules (50):
Kw3 (a > 0) = h̵µ[4A2we2η (sin2 [s0 ln(a/a+)] + sinh2 η)
+2AwBη
e2η
sin [s0 ln(a/a+)](1 + e−2η)−1 (r0a )s1
+B2η
e4η
(r0
a
)2s1 ]k2λa2λ+4, (58)
where Aw and Bη relate to the coefficients A and B in
Eq. (57), respectively, according to Eq. (49). Here we
introduce the so-called three-body parameter a+, related
to the three-body phase Φ by s0 ln(a/a+) = s0 ln(a/r0) +
Φ + pi/2, thus also encapsulating the short-range behav-
ior of the three-body interactions. In Eq. (58), the first
term is the dominant contribution for recombination. It
contains the interference between pathways (I) and (II),
leading to Stu¨ckelberg oscillations. Such Stu¨ckelberg in-
terference is a signature of the Efimov effect and leads to
a log-periodic interference pattern in K3, with minima
obtained for values of a/a+ equal to integer powers of the
geometric scaling factor epi/s0 . Equation (58) reproduces
the well-known expression obtained for Jpi = 0+ (λ = 0)
recombination of three identical bosons [34, 36, 158] by
neglecting the contribution from pathway (III) or, equiv-
alently, setting Bη = 0. Equation (58), however, gen-
eralizes recombination into weakly bound molecules to
all attractive three-body systems and all values of Jpi.
Within our framework, the coefficient Aw in Eq. (58),
which originates from pathways (I) and (II) in Fig. 9(a),
can be expected to be universal due to the fact that it
accounts for inelastic transitions near R = a. In contrast,
Bη is expected to be nonuniversal because it is related
to inelastic transitions near R = r0. The universal na-
ture of the coefficient Aw was noticed in the first studies
on recombination in BBB systems [34, 36, 42, 157, 158],
with numerical results consistent with the exact value
A2w ≈ 67.1177(√3/2) of Refs. [121, 159, 160]. Results for
Aw for heteronuclear BBX(Jpi = 0+) systems are also
known, but expressed in terms of the relevant mass ra-
tio [122].
For three-body recombination into deeply bound states
(a > 0), the collision event is mainly controlled by the
pathways (I) and (II), shown in Fig. 9(b). For such
pathways, the corresponding amplitudes [see Eq. (53)]
are given by∣AγαI ∣2 = A2(1 − e−4η)(ka)2λ+4,∣AγαII ∣2 = B2(1 − e−4η) (r0a )2s1 (ka)2λ+4, (59)
and the phase difference is given by φI−φII = s0 ln(a/r0)+
Φ. As a result, the probability of recombination is deter-
mined from Eq. (52), leading to
Kd3 (a > 0) = h̵µ[A2w(1 − e−4η) +B2η(1 − e−4η) (r0a )2s1
+ 2AwBη sin [s0 ln(a/a+)](1 − e−4η)−1 (r0a )s1 ]k2λa2λ+4, (60)
where the first term is the dominant contribution from
pathway (I) in Fig. 9(b). The second and third terms are
corrections due to contributions from pathway (II), with
Bη being a nonuniversal constant that depends on the
details of the interactions. Equation (60) is also consis-
tent with previous results for three identical bosons with
Jpi = 0+ [42] and generalizes recombination in into deeply
bound molecules for all attractive three-body systems.
A similar analysis can determine recombination rates
into deeply bound molecules for a < 0. In this case, the
two relevant pathways are shown in Fig. 9(c), which leads
to the recombination probability given in Eq. (54). A
crucial difference between recombination for a > 0 and
a < 0 is that for a < 0, the attractive 1/R2 effective po-
tential [Eq. (41)] appears in the initial collision channel
β, instead of the final channel. Having the attractive
1/R2 effective potential in the initial collision channel
implies that, as a increases and new Efimov states ap-
pear at the collision threshold, resonant effects should
strongly enhance recombination for a < 0. The appear-
ance of an Efimov state in the entrance channel requires
us to include many pathways similar to pathway (I) in
Fig. 9(c). These pathways account for the multiple rat-
tles within the range r0 ≪ R≪ ∣a∣, which is characteristic
of a collision process near a resonant state. Therefore,
Eq. (54) alone is clearly insufficient to capture the reso-
nant physics. To account for the proper resonant effects,
we include all important pathways by defining
∣Tγβ ∣2 =∑
j,k
∣AγβI,j ∣∣AγβI,k ∣ cos(φI,j − φI,k)
+ ∣AγβII ∣2 + 2∣AγβII ∣∑
j
∣AγβI,j ∣ cos(φI,j − φII). (61)
After some consideration, the amplitudes for the path-
ways described above can be determined, as in Eq. (55),
to be
∣AγβI,j ∣2 = A2(1 − e−4η)(e−4η)j−1(k∣a∣)2λ+4,
∣AγβII ∣2 = B2(1 − e−4η)( r0∣a∣ )2s1 (k∣a∣)2λ+4, (62)
where j = 1,2, ...,∞ and corresponding WKB phases in
Eq. (61) are given by φI,j −φI = (2j −1)[s0 ln(∣a∣/r0)+Φ]
and φI,j − φI,k = 2(j − k)[s0 ln(∣a∣/r0) + Φ]. Substituting
Eq. (62) into Eq. (61), one can perform the summations
analytically. Our present analysis, based on Eq. (61) and
valid for all values of Jpi, yields the same expression for
recombination found in Ref. [42] for Jpi = 0+ (λ = 0) with
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FIG. 10. Three-body recombination for BBB (Jpi = 0+, λ = 0)
systems characterizing the log-periodic structure associated
with the Efimov effect. (a) For a > 0, the plot shows recombi-
nation into weakly and deeply bound molecules, Kw3 and K
d
3 ,
respectively, for different values of η. (b) For a < 0, the plot
shows a log-periodic resonant structure for recombination into
deeply bound molecules, Kd3 , for different values of η.
a few additional modifications,
Kd3 (a < 0) = h̵µ[A2d2 sinh 2ηsin2 [s0 ln(∣a/a−∣)] + sinh2 η
+ AdBη(1 − e−2η)−1 sinh 2η cos [s0 ln(∣a/a−∣)]sin2 [s0 ln(∣a/a−∣)] + sinh2 η ( r0∣a∣ )
s1
+B2η ( r0∣a∣ )2s1 ]k2λ∣a∣2λ+4, (63)
where s0 ln(∣a/a−∣) = s0 ln(∣a∣/r0)+Φ. The first and third
terms in Eq. (63) correspond to contributions for recom-
bination from pathways (I) and (II) in Eq. (62), respec-
tively, while the second term accounts for the interference
between them. As expected, when a increases by the geo-
metric factor, epi/s0 , the recombination rate (63) displays
resonant enhancements associated with the creation of
Efimov states at the collision threshold. The width of
the resonance in Kd3 is controlled by the inelastic param-
eter η [42]. In Eq. (63), the three-body parameter a− is
introduced; it encapsulates the short-range behavior of
the three-body interaction. As shown in Ref. [42], there
exists a universal relation between a− and a+ in Eq. (58).
Such universal relations, along with the universality of
the three-body parameters themselves, are discussed in
Sec. VI B. From our analysis of the relevant pathways for
recombination, the coefficient Bη in Eq. (63) defines a
nonuniversal contribution, originated from pathway (II)
in Fig. 9(c). The universality of recombination for a < 0
is reflected in the constant Ad, which is related to the
tunneling probability at R ≈ ∣a∣. Its numerical value, for
BBB (Jpi = 0+) systems, was calculated in Ref. [42] for
identical bosons and found to be A2d ≈ 4590(4√3).
Figure 10 shows the scattering length dependence of
the recombination rates for BBB (Jpi = 0+, λ = 0) sys-
tems, illustrating the log-periodic structure associated
with the Efimov effect. For a > 0, Fig. 10(a) shows re-
combination into weakly and deeply bound molecules via
Eqs. (58) and (60), respectively, for different values of η.
As one can see, the corresponding log-periodic minima
occurring in recombination into weakly bound molecules
(solid lines) reach a maximum contrast in the absence of
deeply bound molecular states (η = 0), while they tend
to disappear in the limit of strong decay (η ≫ 1). In
that case, the recombination rates for weakly and deeply
bound states (dashed lines) are approximately the same.
For a < 0, Fig. 10(b) shows the log-periodic resonant
structure for recombination into deeply bound molecules,
Eq. (63). Again, the resonances reach a maximum con-
trast in the regime of small decay (η ≪ 1), and they
tend to disappear in the limit of strong decay (η ≫ 1).
Note that in Fig. 10, we plot the leading-order term of
Eqs. (58), (60), and (63), while plotting the scaling be-
havior of the next-to-leading-order term separately. Al-
though this term, (r0/a)s1 ≃ (r0/a)4.47, is strongly sup-
pressed for large a, for BBX (Jpi = 0+) systems with
small mass ratios, where s1 ≃ 2 [see Fig. 7(a)], such terms
can be more important. Note also that the shaded region
in Fig. 10 indicates the region in which finite-range cor-
rections to the formulas (58), (60), and (63) are expected
to be important.
b. Recombination for repulsive systems. In contrast
to recombination for three-body attractive systems,
where the Efimov effect leads to interference and res-
onant effects, recombination for repulsive systems [see
Figs. 6(b) and (d), and Table II] is strongly influenced
by tunneling effects, which are also controlled by Efi-
mov physics. Specifically, these effects are controlled by
the repulsive 1/R2 effective potentials (42) in the range
r0 ≪ R ≪ ∣a∣. For a > 0, recombination into weakly
bound molecules can be determined from the transition
probabilities in Eq. (50), which originates from the path-
ways in Fig. 9(a). Here, however, since the contributions
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from pathway (III) are more strongly suppressed, we only
consider contributions from pathways (I) and (II), whose
amplitudes are determined from Eq. (51) to be
∣AβαI ∣2 = A2(ka)2λ+4,∣AβαII ∣2 = B2(e−4η) (r0a )4p0 (ka)2λ+4, (64)
and φI −φII = 0. In that case, recombination into weakly
bound states is simply
Kw3 (a > 0) = h̵µ[A2w +B2ηe−4η (r0a )4p0
+ 2AwBηe−2η (r0
a
)2p0 ]k2λa2λ+4. (65)
In Eq. (65), Aw is expected to be universal, since it corre-
sponds to a pathway in which inelastic transitions occur
only near R = a, while the coefficient Bη will depend on
the details of the interactions. This result for recombi-
nation reproduces the k2a6 [152] and k4a8 [157] scaling
obtained for recombination of FFX (Jpi = 1−, λ = 1) and
BBB systems (Jpi = 2+, λ = 2), respectively (see Table I).
Note that according to the discussion in Section III E,
for BBX and FFX systems, Kartartsev-Malykh (KM)
states [102–105] can occur over a certain range of mass
ratios, leading to important effects in scattering observ-
ables. KM states occur in the atom-molecule channel
β in Fig. 6(c), and interference effects are possible for
recombination into weakly bound molecular states (see
Refs. [102, 152]). In this case, the phase controlling the
interference phenomena, Φδ, is determined by the poten-
tials near R = a and, therefore, is universal—depending
only on the mass ratio δ. Our pathway analysis for
this case follows in complete analogy to the derivation
of Eq. (58). Here, however, we neglect contributions
from pathway (III) in Fig. 9(a), and replace s0 ln(a/a+)→
Φδ + pi/2, and e−4η → e−4η0 = 1 − (1 − e−4η)(r0/a)2p0 , in-
corporating the fact that, now, the probability for de-
cay to deeply bound states is suppressed by tunneling
through the potentials in the range r0 ≪ R ≪ a. With
these considerations, and expanding the results for small
η0 ≈ (1/4)(1 − e−4η)(r0/a)2p0 , one finally can find that
recombination into weakly bound states is given by
Kw3δ(a > 0) ≈ h̵µ[4A2w [1 − (1 − e−4η)2 (r0a )2p0] cos2 Φδ
+A2w (1 − e−4η)2 (r0a )4p0 ]k2λa2λ+4. (66)
For η = 0, our result is consistent with Refs. [102, 152],
where recombination is predicted to vanish for certain
values of δ or, as in our case, for Φδ = (2n + 1)pi/2, with
n = 0, 1, 2, etc. Equation (66), however, shows that
in the presence of inelastic decay (η ≠ 0) , recombina-
tion into weakly bound molecules is not fully suppressed.
In fact, analysis shows that contributions from the ne-
glected pathway (III) in Fig. 9(a) would also lead to a
non-vanishing recombination, with its minimum value
proportional to (r0/a)2p1+2p0k2λa2λ+2, even in the ab-
sence of decay (η = 0).
Now, turning to recombination into deeply bound
molecules (a > 0), its energy and scattering length de-
pendence are determined from Eq. (52), with amplitudes
[Eq. (53)] given by
∣AγαI ∣2 = A2(1 − e−4η) (r0a )2p0 (ka)2λ+4,∣AγαII ∣2 = B2(1 − e−4η) (r0a )2p1 (ka)2λ+4, (67)
and the corresponding phase difference φI −φII = 0. Sub-
stituting Eq. (67) in Eq. (52), we find recombination into
deeply bound molecules to be given by
Kd3 (a > 0) = h̵µ(1 − e−4η)[A2η (r0a )2p0
+ 2AηBη (r0
a
)p0+p1 +B2η (r0a )2p1 ]k2λa2λ+4, (68)
where amplitudes Aη and Bη depend on details of the
interatomic interactions. Effects associated with the
KM states can be obtained by following the derivation
of Eq. (60), with the proper replacements: s1 → p1,
s0 ln(a/a+)→ Φδ+pi/2, and e−4η → 1−(1−e−4η)(r0/a)2p0 .
Doing so, we obtain
Kd3δ(a > 0) = h̵µ(1 − e−4η)[A2w (r0a )2p0 +B2η (r0a )2p1
+ 2AwBη cos Φδ (r0
a
)p0+p1 ]k2λa2λ+4. (69)
Comparing the scattering length dependence for recom-
bination into weakly and deeply bound states [Eqs. (65),
(68), and (69), respectively], we see that recombination
in deeply bound states has a much weaker dependence on
a, and, as a result, most of the recombination processes
for a > 0 should lead to weakly bound molecules. For in-
stance, for FFF ′ (Jpi = 1−) systems, recombination into
weakly bound molecules scales as k2a6, while recombina-
tion in deeply bound molecules scales approximately as
k2a2.455. This dominance of recombination into weakly
bound states is in contrast with attractive systems where
recombination into weakly and deeply bound states has
the same a scaling [see Eqs. (58) and (60)].
This same suppression for recombination into deeply
bound states is also observed for a < 0. In this case,
recombination is determined from Eq. (54), with ampli-
tudes [Eq. (55)] given by
∣AγβI ∣2 = A2(1 − e−4η)( r0∣a∣ )2p0 (k∣a∣)2λ+4,
∣AγβII ∣2 = B2(1 − e−4η)( r0∣a∣ )2p1 (k∣a∣)2λ+4, (70)
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and φI − φII = 0. In this case, recombination into deeply
bound molecules is given by
Kd3 (a < 0) = h̵µ(1 − e−4η)[A2η ( r0∣a∣ )2p0 +B2η ( r0∣a∣ )2p1
+ 2AηBη ( r0∣a∣ )p0+p1 ]k2λ∣a∣2λ+4, (71)
where both amplitudes Aη and Bη depend on details of
the interatomic interactions.
The results in Eqs. (65)-(71) thus predict an asym-
metry in recombination into weakly bound molecules
(Kw3 ∝ k2λa2λ−4) and deeply bound molecules (Kd3 ∝
k2λr2p00 ∣a∣2λ+4−2p0), which is a direct consequence of the
Efimov physics manifested through its dependence on
the Efimov coefficient p0 [84]. This asymmetry is illus-
trated in Fig. 11, which shows the coefficient 2λ+ 4− 2p0
(controlling the scattering length dependence) for FFX
and BBX repulsive systems as a function of the relevant
mass ratios. For large mass ratios FFX (Jpi = 1−), re-
combination into deeply bound states tends to be more
strongly suppressed while it becomes proportional to ka6
for δXF ≤ δc, i.e., when the system changes its charac-
teristic from repulsive to attractive, as shown in Fig. 11.
For these cases, the suppression of recombination is more
pronounced for small mass ratios.
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FIG. 11. Coefficient 2λ + 4 − 2p0 determining the scattering
length dependence for recombination into bound molecules
[Eqs. (68) and (71)] for different values of the relevant mass
ratios. For FFX (Jpi = 1−) systems, the suppression occurs
more strongly for large mass ratios. For the other cases shown
in the figure, the suppression is more pronounced for small
mass ratios.
3. Collision-induced dissociation
In this section, the energy and scattering length depen-
dence of collision-induced dissociation processes, XY +
Z → X + Y + Z, is determined. In ultracold quan-
tum gases, collision-induced dissociation is allowed only
if the collision energy of the incoming collision partners
(XY +Z) is greater or equal to the corresponding molec-
ular binding energy. In that case, the three-body contin-
uum channels (X +Y +Z) are energetically open and dis-
sociation can proceed. As a result, at ultracold temper-
atures only dissociation of weakly bound molecules are
relevant to experiments. The dissociation rate of weakly
bound molecules is given by [135]
D3 =∑
f
4pih̵
(2J + 1)
µadkad
∣Tfi∣2, (72)
where k2ad = 2µad(E −Evl′)/h̵2 is the wave vector in the
initial atom-molecule collision channel, and µad is the
atom-molecule reduced mass. For dissociation, however,
the important wave vector for the threshold law is k2 =
2µE/h̵2, which is associated with the final channels and
originates from the energy dependence of the dissociation
probability, ∣Tfi∣2. In the ultracold regime (ka ≪ 1),
kad ∝ 1/a, and the formula (72) already contain a linear
dependence in a.
Extending the analysis performed for recombination
in Section IV B 2, the dissociation of weakly bound
molecules can be determined from pathways (I), (II), and
(III) in Fig. 9(d). As a result, the probability for disso-
ciation is given by
∣Tαβ ∣2 = ∣AαβI ∣2 + ∣AαβII ∣2 + ∣AαβIII ∣2 + 2∣AαβI ∣∣AαβII ∣× cos(φI − φII) + 2∣AαβI ∣∣AαβIII ∣ cos(φI − φIII)+ 2∣AαβII ∣∣AαβIII ∣ cos(φII − φIII), (73)
where the corresponding amplitudes for dissociation can
be derived from the pathways in Fig. 9(d) to be:
∣AαβI ∣2 = P (β)∞→aP (α)a→rc ,∣AαβII ∣2 = P (β)∞→aP (β)a→r0P (β)r0→aP (α)a→rc ,∣AαβIII ∣2 = P (β)∞→aP (β)a→r0P (α)r0→aP (α)a→rc . (74)
Note that for dissociation, there is no tunneling in the
initial channel for R > a. As a result, the term P (β)∞→a
above is constant. All pathways for dissociation include
tunneling processes in the final channel in the region a≪
R≪ rc, where rc = (λ+2)/k is the outer classical turning
point in the final collision channel α of Figs. 6(a) and
(c). In this case, the tunneling probability calculated
using Eq. (46) is the same irrespective of the category
into which a system falls into, i.e.,
P (α)a→rc ∝ (ka)2λ+4, (75)
thus determining the threshold law for collision-induced
dissociation [154] and some of the scattering length de-
pendence for dissociation. The scaling with a, however,
can be strongly modified because of Efimov physics, pro-
viding the main signature of such effects in dissociation.
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In fact, Eq. (74) fully determines the scattering length
dependence for dissociation of weakly bound molecules
(a > 0). For attractive systems, the dissociation rate is
determined from Eq. (73) with amplitudes
∣AαβI ∣2 = A2(ka)2λ+4,∣AαβII ∣2 = A2e−4η(ka)2λ+4,∣AαβIII ∣2 = B2e−4η (r0a )2s1 (ka)2λ+4, (76)
and corresponding phases φI − φII = −2[s0 ln(a/r0) + Φ],
φI−φIII = −[s0 ln(a/r0)+Φ], and φII−φIII = s0 ln(a/r0)+Φ,
determined from Eq. (47). These considerations lead to
the following expression for dissociation of weakly bound
molecules:
Dw3 (a > 0) = h̵µad [4A2we2η (sin2 [s0 ln(a/a+)] + sinh2 η)+ 2AwBη
e2η
sin [s0 ln(a/a+)](1 + e−2η)−1 (r0a )s1
+ B2η
e4η
(r0
a
)2s1 ]k2λ+4a2λ+5, (77)
where Aw and Bη relate to the coefficients A and B in
Eq. (76) via Eq. (72), and s0 ln(a/a+) = s0 ln(a/r0) +
Φ + pi/2. Since dissociation is the time-reversed process
of recombination, the coefficients Aw and Bη are also
expected to be related to the ones for recombination in
Eq. (58).
For repulsive systems, dissociation of weakly bound
molecules is determined only considering contributions
from pathways (I) and (II) in Eq. (73). In this case, the
corresponding amplitudes are given by
∣AαβI ∣2 = A2(ka)2λ+4,∣AαβII ∣2 = B2e−4η (r0a )4p0 (ka)2λ+4, (78)
and φI −φII = 0, which results in the rate for dissociation
of weakly bound molecules to be:
Dw3 (a > 0) = h̵µad [A2w +B2ηe−4η (r0a )4p0
+ 2AwBηe−2η (r0
a
)2p0 ]k2λ+4a2λ+5. (79)
And as with recombination [Eq. (66)], the interference
effects associated with KM states [102–105] can be intro-
duced for the dissociation of weakly bound molecules. In
this case, we obtain
Dw3δ(a > 0) ≈ h̵µad [4A2w [1 − (1 − e−4η)2 (r0a )2p0] cos2 Φδ
+A2w (1 − e−4η)2 (r0a )4p0 ]k2λ+4a2λ+5. (80)
The main difference between the results above and
ones for recombination into weakly bound molecules is
the additional ak4 dependence of Dw3 . In ultracold quan-
tum gases with a ≫ r0, molecules are extremely weakly
bound and both collision-induced dissociation and atom-
molecule relaxation can cause molecular losses. The dif-
ference, however, is that while dissociation does not lead
to loss of atoms because its final products have a negli-
gible kinetic energy, atom-molecule relaxation does lead
to loss of both atoms and molecules. In this case, the
amount of energy released is too large, causing both atom
and molecules to escape from typical traps. The influence
of the Efimov physics on atom-molecule relaxation will
be discussed in the next section.
4. Atom-molecule relaxation
In strongly interacting ultracold atom-molecule gas
mixtures, the major collisional process that determines
stability is atom-molecule relaxation, XY ∗+Z →XY +Z.
The present study only concerns the collisional proper-
ties of weakly bound s-wave molecules, where universal
properties associated with Efimov physics can be derived.
Collisional properties of deeply bound molecular states
are insensitive to variations of a and strongly dependent
on the details of interatomic interactions and, therefore,
cannot be described within our model. Nevertheless, the
general definition for the atom-molecule relaxation rate
is given by [161]
βrel =∑
f
4pih̵
(2J + 1)
µadkad
∣Tfi∣2, (81)
where µad is the atom-molecule reduced mass and f is
the label corresponding to all possible final states asso-
ciated with deeply bound molecular channels. For re-
laxation of weakly bound s-wave molecules, the relevant
wave vector associated to the initial collision channel is
k2ad = 2µad(E −E∗v0)/h̵2, where E∗v0 ∝ −1/a2, correspond-
ing to the binding energy of the weakly bound molec-
ular state. The energy and scattering dependence for
relaxation of weakly bound molecules can be determined
solely from the properties of the initial collision channel
β of Figs. 6(a) and (c). For simplicity, in what follows,
we will denote k = kad.
Within our model, the probability for relaxation of
weakly bound molecules is determined from pathways
(I) and (II) in Fig. 9(e). Pathway (II) includes an in-
termediate transition to the energetically closed channel
α of Figs. 6(a) and (c), and is, in general, less important.
These pathways define the probability for relaxation of
weakly bound molecules as
∣Tγβ ∣2 = ∣AγβI ∣2 + ∣AγβII ∣2 + 2∣AγβI ∣∣AγβII ∣ cos(φI − φII), (82)
where the corresponding amplitudes can be derived from
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the pathways in Fig. 9(e) as,
∣AγβI ∣2 = P (β)rc→aP (β)a→r0P (γ)r0→∞,∣AγβII ∣2 = P (β)rc→aP (α)a→r0P (γ)r0→∞, (83)
where rc = (l+1/2)/k is the classical turning point for re-
laxation, determined from Eq. (43), including the Langer
correction [120]. Note that in Eq. (83), since there is
no tunneling in the final (exit) channel between R = r0
and R = ∞, the corresponding probability will be sim-
ply constant. The energy dependence for relaxation can
be determined using the tunneling probability given by
Eq. (46). In that case, similar to recombination and dis-
sociation, tunneling in the regions from rc to a completely
determines the energy dependence of relaxation, regard-
less of the category into which the system falls,
P (β)rc→a∝ (ka)2l+1. (84)
The scaling with a obtained from Eq. (84) is strongly
modified by the three-body interaction in the region
r0 ≪ R ≪ a, as determined by the Efimov physics char-
acteristic of each category.
a. Relaxation for attractive systems. For attractive
systems [see Figs. 6(a) and Table II], relaxation is ex-
pected to exhibit resonant features related to the Efimov
states formed at the collision threshold. In fact, simi-
lar to the a < 0 recombination in attractive systems [see
Eqs. (61) and (62)] the physics encapsulated in pathway
(I) in Fig. 9(e) is not enough to describe resonant effects.
Resonant transmission effects should include the multi-
ple rattles within the range r0 ≪ R ≪ ∣a∣, i.e., within to
the region where the effective potential is attractive and
supporting a resonant state. Therefore, resonant trans-
mission allows a substantial part of the wave function to
reach the region where the coupling for relaxation peaks,
R ≈ r0, enhancing the inelastic transitions. To account
for the proper resonant effects, we include all important
pathways by defining
∣Tγβ ∣2 =∑
j,k
∣AγβI,j ∣∣AγβI,k ∣ cos(φI,j − φI,k)
+ ∣AγβII ∣2 + 2∣AγβII ∣∑
j
∣AγβI,j ∣ cos(φI,j − φII), (85)
with corresponding amplitudes determined from
∣AγβI,j ∣2 = A2(1 − e−4η)(e−4η)j−1(ka)2l+1,
∣AγβII ∣2 = B2(1 − e−4η) (r0a )2s1 (ka)2l+1, (86)
where j = 1,2, ...,∞. The corresponding WKB phases
are given by φI,j − φI,k = 2(j − k)[s0 ln(a/r0) + Φ] and
φI,j − φII = (2j − 1)[s0 ln(a/r0) +Φ]. Replacing Eq. (86)
into Eq. (85) and performing the summations analytically
yield the relaxation rate as
βwrel(a >0) = h̵µad [A2d2 sinh 2ηsin2 [s0 ln(a/a∗)] + sinh2 η+ AdBη(1 − e−2η)−1 sinh 2η cos [s0 ln(a/a∗)]sin2 [s0 ln(a/a∗)] + sinh2 η (r0a )
s1
+B2η (r0a )2s1 ]k2la2l+1, (87)
where s0 ln(a/a∗) = s0 ln(a/r0)+Φ. Here, the three-body
parameter a∗ is introduced and encapsulates the short
range behavior of the three-body interactions. The first
term displays the expected resonant enhancements each
time a is increased by epi/s0 , creating a new Efimov state.
The second term corresponds to interference effects be-
tween pathways (I) and (II). Within our model it is clear
that Ad should be a universal number, and that all de-
pendence of relaxation on the details of the interactions
is incorporated in the a∗, η, and Bη parameters.
The above expression for the relaxation rate is a gen-
eralization of the result for BBB (Jpi = 0+ and l = 0)
systems in Ref. [162], where it was found that A2d ≈
20.3(4/3). This result can also be derived from Ref. [163]
by letting the transition probability at small distances be
less than unity. In both cases, the linear dependence on
a was obtained indirectly by dimensional and physical
arguments, while it follows naturally from Eq. (84) in
the present analysis. In the present, simple approach,
the mass dependence for relaxation is manifested only
through the coefficient s0 [see Fig. 7(a), for instance]. In
a more rigorous approach (Ref. [122]), the values for the
universal constant Ad were calculated for heteronuclear
BBX (Jpi = 0+) systems in terms of the mass ratio.
The scattering length dependence of the relaxation rate
for BBB (Jpi = 0+, l = 0) systems, displaying the usual
log-periodic structure associated with the Efimov effect,
is illustrated in Fig. 12. Here, similar to a < 0 recombi-
nation [see Fig. 10(b)], resonances in relaxation reach a
maximum contrast in the regime of small decay (η ≪ 1)
and tend to be washed out in the limit of strong decay
(η ≫ 1). Note that we only include the leading-order
term of Eq. (87) and plot, separately, its next-to-leading-
order term in Fig. 12. This next-to-leading-order term,(r0/a)s1 ≃ (r0/a)4.47, is strongly suppressed for large a.
However, for BBX (Jpi = 0+) systems with small mass
ratios, where s1 ≃ 2 [see Fig. 7(a)], such terms can be
more important.
b. Relaxation for repulsive systems. For repulsive
systems, no resonant enhancements of relaxation are, in
general, expected to occur since these systems do not ex-
hibit the Efimov effect. Nevertheless, Efimov physics still
has a strong impact on the scattering length dependence
of the relaxation of weakly bound molecules. In contrast
with attractive systems, where the three-body attractive
1/R2 effective interaction leads to resonant effects, the
main physical phenomena that controls the scattering
length dependence of relaxation in repulsive three-body
systems is tunneling through the repulsive 1/R2 effective
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FIG. 12. Relaxation rate for BBB (Jpi = 0+, l = 0) systems
displaying the usual log-periodic structure associated with the
Efimov effect. Resonances in relaxation reach a maximum
contrast in the regime of small decay (η ≪ 1) and tend to be
washed out in the limit of strong decay (η ≫ 1).
potential in the region r0 ≪ R≪ a. In our model, all the
pathways relevant for relaxation [Fig. 9(e)] suffer from
such tunneling effects. Moreover, since the spatial extent
of this Efimov potential increases with a, it is reasonable
to expect that relaxation should be suppressed in the
large a limit. This suppression, first predicted in Ref. [87]
in the context of two-spin Fermi gases, has been observed
in several experiments [88–101] and has proved to be an
extremely beneficial property that allows for long molec-
ular lifetimes. However, Efimov physics has not been
traditionally recognized as the main mechanism control-
ling the collisional properties of weakly bound molecules.
Rather, the suppression of relaxation is often associated
with Pauli blocking [87], which prevents two identical
fermions from coexisting at short distances (where in-
elastic transitions occur). Although the Pauli blocking
picture is not necessarily misleading, it omits the impor-
tance of the Efimov physics and does not explain cases
in which no fermions are involved in the collision pro-
cess [86].
We derive the explicit scattering length dependence of
relaxation of weakly bound molecules for repulsive three-
body systems from Eq. (82), with amplitudes [Eq. (83)]
given by
∣AγβI ∣2 = A2(1 − e−4η) (r0a )2p0 (ka)2l+1,∣AγβII ∣2 = B2(1 − e−4η) (r0a )2p1 (ka)2l+1, (88)
and φI − φII = 0. In this case, the relaxation of weakly
bound s-wave molecules is given by
βwrel(a > 0) = h̵µad (1 − e−4η)[A2η (r0a )2p0 +B2η (r0a )2p1
+ 2AηBη (r0
a
)p0+p1 ]k2λa2l+1, (89)
where amplitudes Aη and Bη will depend on the details
of the interatomic interactions; they originate from the
contributions of pathways (I) and (II) in Fig. 9(e), respec-
tively. The dominant contribution scales as a2l+1−2p0 ,
implying that the suppression of relaxation occurs when-
ever 2l + 1 < 2p0, and depends crucially on the strength
of the Efimov repulsive potential, p0 [see Eq. (42)]. As
a result, we conclude that the suppression of relaxation
is a direct consequence of Efimov physics. For fermionic
FFF ′ (Jpi = 0+, l = 0) systems, for instance, we find that
relaxation scales as a−3.332 (see Table I for the value for
p0). This result agrees with the prediction of Petrov et
al. [87] (see also Refs. [84, 161]) and is consistent with
various experiments. For bosonic BBB′ (Jpi = 0+, l = 0)
systems, where only the BB interaction is resonant (see
Table I), relaxation scales as a−1, serving as evidence
that a Pauli-blocking mechanism is not the only factor
that determines the suppression of the relaxation rate.
In fact, the a−1 suppression of relaxation holds for any
system of three dissimilar particles with a single resonant
pair, XY Z(aXY ), regardless of the mass ratios. For such
cases, the suppression of XY ∗+Z collisions has also been
observed experimentally [97–101].
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FIG. 13. Coefficient 2l + 1 − 2p0 that determines the scat-
tering length dependence for the relaxation of weakly bound
molecules (89) for different values of the relevant mass ratios.
For FFX (Jpi = 0+) and BBX (Jpi = 1−) systems, the suppres-
sion occurs for all mass ratios. For FFX (Jpi = 1−) systems,
the suppression of relaxation only occurs for δXF ≳ 0.2918.
Therefore, the result in Eq. (89) predicts a suppres-
sion of relaxation for any three-body repulsive system
in which 2l + 1 < 2p0 and that this suppression is not
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unique to fermionic FFX systems. The same suppres-
sion can also happen, for instance, for high partial wave
contributions in repulsive BBX (Jpi ≠ 0) systems. This is
illustrated in Fig. 13, where the coefficient 2l+1−2p0, de-
termining the scattering length dependence for the relax-
ation of weakly bound molecules (89), is shown for BBX
and FFX systems as a function of the relevant mass ra-
tios. The coefficient p0 is determined from Eqs. (35) and
(37). For FFX (Jpi = 0+) and BBX (Jpi = 1−) systems,
the suppression occurs for all mass ratios, but manifests
more strongly in the limit of small mass ratios. However,
for FFX (Jpi = 1−) systems, the suppression of relax-
ation only occurs for δXF ≳ 0.2918, i.e., for mass ratios
in which 2l + 1 − 2p0 < 0. For δXF < 0.2918, relaxation
increases with a, reaching its strongest dependence for
δXF ≤ δc ≈ 0.0735, when the system becomes attractive
and relaxation becomes proportional to k2a3 and displays
resonant effects associated with the formation of Efimov
states [see Eq. (87)].
In our model, the effects of universal KM three-body
states [102–105] (see Section III E) can also be incor-
porated. For BBX (Jpi > 0-even) and FFX (Jpi-odd)
systems with δ > δc, the mass ratio dependence of such
states can lead to resonant effects in atom-molecule col-
lisions [103]. The leading-order term of relaxation can
be obtained following the same derivation for Eq. (87),
replacing s0 ln(a/a∗) → Ψδ, and e−4η → e−4η0 = 1 −(1 − e−4η)(r0/a)2p0 , where Ψδ is a universal mass-ratio-
dependent phase [103]. By expanding the results for
small η0 ≈ (1/4)(1 − e−4η)(r0/a)2p0 , one obtains
βwrelδ(a > 0) = h̵µad [ A
2
d
(1−e−4η)
8
( r0
a
)2p0
sin2 Ψδ + [ (1−e−4η)4 ( r0a )2p0]2 ]k2la2l+1.
(90)
As a result, atom-molecule resonances occur whenever
Ψδ is an integer multiple of pi. Note that the dependence
on r0/a above derives from the existence of the Efimov
repulsive barrier [Eq. (42)] within the range r0 ≪ R≪ a
that suppresses the probability of inelastic transitions.
This suppression indicates that, in the limit of large a,
KM states should be extremely long-lived.
C. Three-body elastic collisions
In this section, we analyze properties of three-body
elastic processes relevant for ultracold quantum gases.
While the determination of three-body inelastic colli-
sional properties is crucial for the understanding of the
lifetime and stability of ultracold gases, three-body elas-
tic collisions play a different role. Three-body elastic pro-
cesses help to characterize the many-body behavior of the
system, in a way similar to two-body elastic processes.
For instance, from the mean-field point of view, large
and positive values of the two-body scattering length are
generally associated with a collective regime character-
ized by strongly repulsive (mean-field) interactions. In
contrast, for large and negative scattering lengths the
mean-field interactions now become strongly attractive.
Therefore, understanding the physics controlling three-
body elastic properties, whether or not they are affected
by the presence of three-body states, is of crucial impor-
tance. Here, we use our pathway analysis to provide a
clear physical picture for the relevant three-body elastic
processes in strongly interacting ultracold gases. Specif-
ically, we examine three-body elastic scattering (describ-
ing the collision between three free atoms) atom-molecule
elastic scattering.
For atom-molecule collisions, the description of elastic
properties is essentially equivalent to a two-body process.
Here, however, the asymptotic form of the effective po-
tential for the case of weakly bound s-wave molecules is
given by Eq. (43) (with l′ = 0). In this case, the relative
atom-molecule angular momentum l defines the partial
wave contributions for elastic scattering. As a result, the
l-wave atom-molecule scattering length can be written as
a
(l)
ad = − limkad→0 Re
⎡⎢⎢⎢⎢⎣
tan δ
(l)
ad (kad)
k2l+1ad
⎤⎥⎥⎥⎥⎦ , (91)
where k2ad = 2µad(E −E∗v0)/h̵2, with E∗v0 ∝ −1/a2, is the
wave vector associated with the initial atom-molecule col-
lision channel, and δad is the corresponding phase-shift.
(Note that although we refer to the above quantity as
a scattering length, its actual unit is length2l+1. Note
also that, in the presence of inelastic processes, δad is
a complex quantity with its real and imaginary parts
defining the elastic and inelastic properties of the col-
lision process [164], respectively.) Similarly, for three-
body elastic scattering, each three-body continuum state
will define a partial-wave contribution. In this case, how-
ever, the effective potential representing the collision of
three free particles is given asymptotically by Eq. (44)
and leff = λ + 3/2 will characterize the effective hyperan-
gular momentum for the collision process. As a result,
we define the three-body scattering length as
A
(λ)
3b = − limk→0 Re⎡⎢⎢⎢⎢⎣
tan δ
(λ)
3b (k)
k2λ+4
⎤⎥⎥⎥⎥⎦ , (92)
where k2 = 2µE/h̵2 is the wave vector associated with
the initial collision channel, and δ3b is the corresponding
three-body phase-shift.
In the next sections we determine the explicit de-
pendence of the atom-molecule and three-body scatter-
ing lengths in terms of the two-body scattering length.
The analysis of the relevant collision pathways will, once
again, reveal the pervasive influence of Efimov physics.
1. Pathways for elastic collisions
The dominant pathways for elastic processes consid-
ered in our analysis are shown schematically in Fig. 14.
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As in inelastic processes (Section IV B), the pathways
for elastic processes are independent of the category the
three-body system belongs to, i.e., they do not depend on
whether the three-body system has an attractive or re-
pulsive 1/R2 effective potential in the range r0 ≪ R≪ ∣a∣
(see Fig. 6). The relative importance of each pathway
will, of course, depend on the specific form of the poten-
tials, and whether they allow for interference and reso-
nant effects. We show the pathways for three-body elastic
processes with a > 0 and a < 0 in Figs. 14(a) and (b), re-
spectively. For a > 0, while pathway (I) originates from a
simple reflection near R = a, the pathway (II) involves an
inelastic transition near R = a between the initial three-
body continuum channel α and the weakly bound molec-
ular channel β. For a < 0, pathway (I) also originates
from a simple reflection near R = ∣a∣, while, now, path-
way (II) involves a transmission through R = ∣a∣, and
special care should be taken if three-body states exist, to
allow for resonant transmission effects. In this case, one
should also consider pathways similar to pathway (II) in
Fig. 14(b) that accounts for multiple reflections between
R = r0 and R = ∣a∣, which are characteristic of resonant
phenomena in the semi-classical picture. Here, however,
we properly address such resonant effects whenever nec-
essary. For elastic atom-molecule collisions, the relevant
pathways are shown in Fig. 14(c) and are in complete
analogy to the pathways for three-body elastic processes
in Fig. 14(b), including the possibility for resonant trans-
mission effects whenever a three-body state occurs at the
atom-molecule threshold.
To determine the three-body and atom-molecule scat-
tering lengths in Eqs. (91) and (92), respectively, the
elastic T -matrix element can be written simply as the
sum of the contributions for each pathway, i.e.,
Re[T] = −Re⎡⎢⎢⎢⎣∑j ∣Aj ∣eiφj
⎤⎥⎥⎥⎦ = −∑j ∣Aj ∣ cosφj , (93)
where j = I, II, III, etc., and amplitudes ∣Aj ∣ determined
from the tunneling probability in Eq. (46). The fact that,
in the low-energy limit, the T -matrix element is simply
T = (e2iδ−1)/2i ≈ δ, allows us to directly relate the ampli-
tude and phases in Eq. (93) to the phase-shift, δ. [Note
that the overall minus sign in the Eq. (93) was chosen to
provide the correct sign for the phase-shift in our anal-
ysis.] As in inelastic processes (Section IV B), we define
the scattering parameters in terms of constants whose
specific values can be determined though numerical cal-
culations or more sophisticated analytical approaches.
2. Three-body elastic scattering
The problem of determining the three-body elastic
properties, i.e., properties of three colliding particles at
low energy, is a fundamental and highly nontrivial prob-
lem [165–177]. More recently, this problem has been re-
vitalized due to the interest in understanding high-order
FIG. 14. Relevant pathways for three-body elastic scattering
for (a) a > 0 and (b) a < 0 as well as for (c) a > 0 atom-
molecule elastic scattering. In (a) and (c) channels α and β
correspond to the lowest continuum and the weakly bound
molecular channels, respectively [see Figs. 6(a) and 6(c)]. In
(b), channels β and γ correspond to the lowest continuum and
a deeply bound molecular channel [see Figs. 6(b) and 6(d)].
three-body correlations in ultracold Bose gases in the
strongly interacting regime [118, 119, 178–184], where
Efimov physics plays an important role. The main diffi-
culty in studying three-body elastic processes is the ne-
cessity for determining scattering contributions that orig-
inate from multiple scattering events where two atoms
interact, while the third only spectates [165]. These con-
tributions must be subtracted out to determine scatter-
ing events that are truly of a three-body nature [169],
i.e., collision events in which all three atoms participate.
In our present formulation, as well as in Efimov’s original
analysis in Ref. [163], we neglect such contributions, by-
passing the issue of removing multiple scattering contri-
butions by accounting for interactions only in the regions
where all three atoms interact, i.e., the region in which
the interactions are characterized by the Efimov poten-
tials (41) and (42) within the range r0 ≪ R ≪ ∣a∣. In
fact, within the adiabatic hyperspherical representation,
it can be shown [185] that spectator multiple-scattering
contributions are manifested through high-order correc-
tions to the asymptotic potentials in Eq. (44), for R≫ ∣a∣.
Evidently, an accurate determination of the three-body
scattering length [Eq. (92)] requires a more rigorous ap-
proach such as the ones in Refs. [179, 183, 184]. Neverthe-
less, our simple formulation is capable of determining the
a dependence of the three-body scattering length while
elucidating the role of Efimov physics in the collision pro-
cess.
For a > 0, the relevant pathways for three-body elastic
collisions are given in Fig. 14(a). In this case, the elastic
phase-shift, which is associated to the relevant T -matrix
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for elastic scattering in the limit of k → 0, is simply de-
termined by
Re[Tαα](≈ Re[δ3b]) == −∣AααI ∣ cosφI − ∣AααII ∣ cosφII, (94)
where φI and φII are the WKB phases in Eq. (47), corre-
sponding to pathways (I) and (II) in Fig. 14(a), respec-
tively, with amplitudes determined from
∣AααI ∣2 = P (α)rc→aP (α)a→rcP (α)rc→∞,∣AααII ∣2 = P (α)rc→aP (β)a→r0P (β)r0→aP (α)a→rcP (α)rc→∞. (95)
For a < 0, the entrance channel now corresponds to chan-
nel β in Fig. 14(b), and the corresponding elastic phase-
shift is given by
Re[Tββ](≈ Re[δ3b]) == −∣AββI ∣ cosφI − ∣AββII ∣ cosφII, (96)
with WKB phases φI and φII [Eq. (47)] and amplitudes
determined from
∣AββI ∣2 = P (β)rc→∣a∣P (β)∣a∣→rcP (β)rc→∞,∣AββII ∣2 = P (β)rc→∣a∣P (β)∣a∣→r0P (β)r0→∣a∣P (β)∣a∣→rcP (β)rc→∞, (97)
corresponding to pathways (I) and (II) in Fig. 14(b), re-
spectively. Note that in Eqs. (95) and (97), since there
is no tunneling in the final (exit) channel between R = rc
and R = ∞, the corresponding probabilities will be sim-
ply a constant.
At ultracold energies, the energy dependence of the
elastic phase-shift in Eqs. (94) and (96) originates solely
from the terms describing tunneling from the classical
turning point rc = (λ + 2)/k to ∣a∣. From the tunneling
probability in Eqs. (46) and the asymptotic form of the
potentials (44), we obtain
P (α)rc→a∝ (ka)2λ+4 and P (β)rc→∣a∣∝ (k∣a∣)2λ+4, (98)
ensuring that the scattering length in Eq. (92) is constant
in the limit of k → 0, and proportional to a2λ+4. However,
the other terms in Eqs. (95) and (97) originating from
pathway (II) will depend critically on the attractive or
repulsive character of the three-body interactions within
the region r0 ≪ R ≪ ∣a∣. In fact, these are the terms
through which the Efimov physics is introduced, and we
will discuss them according to the category into which
the three-body system falls.
a. Three-body elastic scattering for attractive sys-
tems. For three-body attractive systems, we have al-
ready shown that specific signatures in the inelastic scat-
tering occur in relation to the formation of Efimov states.
For elastic scattering, Efimov states should also lead to
specific signatures. For a > 0, the signatures of the Efi-
mov effect in elastic scattering originate from the same in-
terference effect occurring for recombination into weakly
bound molecules [see Eq. (58)]. Here, the amplitudes for
elastic scattering from pathways (I) and (II) in Eq. (95)
are given by
∣AααI ∣2 = A4(ka)4λ+8,∣AααII ∣2 = B4e−4η(ka)4λ+8, (99)
which include the probability of decay to deeply
bound states via the contribution from pathway (II) in
Fig. 14(a). Since no phase is accumulated in pathway
(I), we set φI = 0, while for pathway (II) we obtain:
φII = 2[s0 ln(a/r0) + Φ] − pi/2, according to Eq. (47). In
Eq. (99) the coefficients A and B are expected to be
universal and related to the reflection and transmission
probability near R = a. Therefore, replacing Eq. (99) and
corresponding phases in Eq. (94), allows us to determine
the three-body scattering length in Eq. (92) as
A
(λ)
3b =[(A2 − B2e2η ) + 2B2e2η sin2[s0 ln(a/a+) − pi4 ]]a2λ+4,
(100)
with the three-body parameter a+ defined identically
as we showed in the recombination into weakly bound
molecules in Eq. (58). Note, however, that the result of
Eq. (100) is pi/4 out-of-phase from Eq. (58). Our result
in Eq. (100) is general and displays interference effects
whenever a increases by the geometric factor, epi/s0 , for
all three-body attractive systems. In the limit of weak
decay (η ≪ 1), Eq. (100) is consistent with the results
from Refs. [179, 184] for BBB (Jpi = 0+ and λ = 0)
systems, with (A2 −B2) ≈ 1.22(4pi − 3√3)/(2√3pi), and
2B2 ≈ 0.021(4pi − 3√3)/(2√3pi). Figure 15(a) shows the
scattering length dependence of the three-body scatter-
ing length A3b (a > 0) for BBB (Jpi = 0+, λ = 0) systems
[179, 184]. This dependence displays the expected log-
periodic features associated with the Efimov effect, but
with a very small amplitude (associated due to the small
value for B2 for identical bosons). In fact, as one can see
in Fig. 15(a), in the limit of strong decay (η ≫ 1), the
sinusoidal term in Eq. (100) is completely suppressed.
Although here we don’t determine the explicit values for
the coefficients A and B in Eq. (100), one would in gen-
eral expect that A2−B2 > 0 since the value of B2 depends
on the (normally weakly) inelastic transition probability
nearR = a, associated with the pathway (II) in Fig. 14(a).
In this case, from Eq. (100) we expect that, in general,
A3b > 0, regardless of the value of η.
For a < 0, our pathway analysis [see pathways (I) and
(II) in Fig. 14(b)] indicates that the main physical mech-
anism that controls the elastic process is resonant scat-
tering associated with the formation of Efimov states in
the entrance channel β. In this case, which is similar
to the resonant effects in inelastic processes [Eq. (63)],
the contribution from pathway (II) in Eq. (96) must be
generalized to account for the multiple rattles within the
range r0 ≪ R ≪ ∣a∣, characteristic of the resonant state.
This effect can be simply incorporated into our analysis
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FIG. 15. Scattering length dependence of the three-body
scattering length A3b for BBB (J
pi = 0+, λ = 0) [179, 184]
displaying the expected log-periodic features associated with
the Efimov effect. (a) For a > 0, A3b displays interference ef-
fects manifested by the small amplitude oscillation, while for
a < 0, (b), A3b displays resonant effects due to the formation
of Efimov states. In the limit of strong decay (η ≫ 1), the
Efimov features are strongly suppressed, and A3b is given by
its background value.
by writing Eq. (96) as
Re[Tββ](≈ Re[δ3b]) == −∣AββI ∣ cosφI −∑
j
∣AββII,j ∣ cosφII,j , (101)
with amplitudes determined from
∣AββI ∣2 = A4(k∣a∣)4λ+8,∣AββII,j ∣2 = B4(e−4η)j(k∣a∣)4λ+8, (102)
where j = 1,2, ...,∞, and corresponding WKB phases
φI = 0 and φII,j = (2j)[s0 ln(∣a∣/r0)+Φ]−pi/2. The coeffi-
cients A and B in Eq. (102) are expected to be universal,
since both related to the physics near R = ∣a∣. Replacing
the Eq. (102) into Eq. (101), performing the summations
analytically and substituting the results into Eq. (92),
one finally obtains
A
(λ)
3b = [A2 + B24 sin[2s0 ln(∣a/a−∣)]sin2[s0 ln(∣a/a−∣)] + sinh2 η ] ∣a∣2λ+4,
(103)
where s0 ln(∣a/a−∣) = s0 ln(∣a∣/r0) + Φ. The first term in
Eq. (103) originates from the contribution of pathway (I)
and corresponds to a hard-sphere (of radius R = ∣a∣) scat-
tering. The second term, originating from the pathway
(II), corresponds to resonant transmission effects. The
expression in Eq. (103) is consistent with the results from
Refs. [179, 184] for BBB (Jpi = 0+ and λ = 0) systems,
where it was found that A2 ≈ 1.23(4pi − 3√3)/(2√3pi)
and B2/4 ≈ 3.16(4pi − 3√3)/(2√3pi), obtained in the ab-
sence of inelastic decay (η = 0). In this regime, A3b di-
verges exactly at values a = a−(epi/s0)n, where n =1, 2, 3,
..., corresponding to the value of a in which an Efimov
state becomes bound. Figure 15(b) shows the scattering
length dependence of the three-body scattering length
A3b (a < 0) for BBB (Jpi = 0+, λ = 0) systems [179, 184].
It displays the expected log-periodic resonant features
associated with the Efimov effect. Note, however, for
any nonzero inelastic decay (η ≠ 0), A3b does not diverge
on resonance. On resonance, it rather assumes its back-
ground value (proportional to A2), in agreement with
the analysis of Ref. [164]. Note also that, in the limit
of strong decay (η ≫ 1), the second term in Eq. (103)
vanishes, and A3b is given by its background value for all
values of a.
b. Three-body elastic scattering for repulsive systems.
For the three-body repulsive systems the elastic prop-
erties can be determined following the same procedure
described in the previous section. For a > 0, the ampli-
tudes [Eq. (95)] for elastic scattering from pathways (I)
and (II) in Eq. (94) are given by
∣AααI ∣2 = A4(ka)4λ+8,
∣AααII ∣2 = B4e−4η (r0a )4p0 (ka)4λ+8, (104)
and we set φI = φII = 0, since all potentials are repul-
sive and, consequently, no phase is accumulated. In this
case, the three-body scattering length is determined from
Eq. (92) to be
A
(λ)
3b = [A2 +B2e−2η (r0a )2p0]a2λ+4, (105)
with both A and B being universal constants depen-
dent on the physics near R = a. The inclusion of in-
terference effects related to KM states follows an analo-
gous procedure to the derivation of Eq. (100). But now,
we replace s0 ln(a/a+) → Φδ + pi/2, and e−4η → e−4η0 =
1− (1− e−4η)(r0/a)2p0 . Then, expanding for small values
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of η0, we obtain
A
(λ)
3bδ = [(A2 −B2 [1 − 1 − e−4η2 (r0a )2p0])
+ 2B2 [1 − 1 − e−4η
2
(r0
a
)2p0] cos2(Φδ − pi/4)]a2λ+4,
(106)
where Φδ is the same universal, mass-ratio dependent
phase appearing in Eq. (66). For a < 0, the amplitudes
[Eq. (97)] for elastic scattering from pathways (I) and
(II) in Eq. (96) are given by
∣AββI ∣2 = A4(k∣a∣)4λ+8,
∣AββII ∣2 = B4e−4η ( r0∣a∣ )4p0 (k∣a∣)4λ+8, (107)
with phases φI = φII = 0. In this case, we find the three-
body scattering length to be
A
(λ)
3b = ⎡⎢⎢⎢⎢⎣A2 +B2e−2η ( r0∣a∣ )
2p0⎤⎥⎥⎥⎥⎦ ∣a∣2λ+4. (108)
Note that since the second terms in Eqs. (105), (106),
and (108), are strongly suppressed for large values of a,
the three-body elastic scattering problem for repulsive
systems can be simply seen as a problem of scattering
from a hard-hypersphere of hyperradius ∣a∣.
3. Atom-molecule elastic scattering
The problem of determining the elastic properties
of collisions involving weakly bound dimers has been
the subject of various works where both atom-dimer
[122, 123, 152, 161, 162, 186–189] and molecule-molecule
[87, 190–193] elastic collisions have been studied. In this
section we only focus on the properties of elastic atom-
molecule collisions, although some of the ideas discussed
here can be applied for elastic molecule-molecule colli-
sions [110].
According to the pathways shown in Fig. 14(c), the
entrance channel corresponds to channel β, and the cor-
responding atom-molecule elastic phase-shift is given by
Re[Tββ](≈ Re[δad]) == −∣AββI ∣ cosφI − ∣AββII ∣ cosφII, (109)
where WKB phases φI and φII are determined from
Eq. (47) and amplitudes are given by
∣AββI ∣2 = P (β)rc→aP (β)a→rcP (β)rc→∞,∣AββII ∣2 = P (β)rc→aP (β)a→r0P (β)r0→aP (β)a→rcP (β)rc→∞. (110)
The amplitudes for both pathways (I) and (II) in
Eq. (110) have contributions from tunneling from the
classical turning point rc = (l + 1/2)/k to R = a, deter-
mining the low-energy dependence of the phase-shift
P (β)rc→a∝ (ka)2l+1. (111)
The other terms in Eq. (110), however, depend critically
on the attractive or repulsive character of the three-body
interactions controlled by the Efimov physics.
a. Atom-molecule elastic scattering for attractive sys-
tems. For attractive systems, the main expected fea-
tures in elastic atom-molecule collisions are resonant ef-
fects due to the appearance of Efimov states at the atom-
molecule threshold [see Fig. 6(a)], i.e, corresponding to
the entrance channel β in Fig. 14(c). While the contribu-
tion to Eq. (109) from pathway (I) corresponds to a hard-
sphere (of radius R = a) scattering, the resonant contri-
bution originates from pathway (II) and is obtained by
rewriting Eq. (109) to include the multiple rattles within
the range r0 ≪ R≪ a, i.e.,
Re[Tββ](≈ Re[δad]) == −∣AββI ∣ cosφI −∑
j
∣AββII,j ∣ cosφII,j , (112)
where the amplitudes are determined from∣AββI ∣2 = A4(ka)4l+2,∣AββII ∣2 = B4(e−4η)j(ka)4l+2, (113)
with corresponding WKB phases φI = 0, and φII,j =(2j)[s0 ln(a/r0)+Φ]−pi/2. In this case, substituting the
amplitudes in Eq. (113) into Eq. (112), we obtain the
l-wave atom-molecule scattering length [Eq. (91)] as
a
(l)
ad = [A2 + B24 sin[2s0 ln(a/a∗)]sin2[s0 ln(a/a∗)] + sinh2 η ]a2l+1, (114)
where s0 ln(a/a∗) = s0 ln(a/r0) + Φ. Both coefficients A
and B are expected to be universal, as they are deter-
mined by the physics near R = ∣a∣. Equation (114) is
consistent with Ref. [122, 123, 162]. For BBB systems
(Jpi = 0+ and l = 0), the coefficients A and B were de-
termined numerically to be A2 ≈ 1.46 and B2/4 ≈ 2.15
in Ref. [162]; for heteronuclear BBX systems values for
such universal constants can be found in Ref. [122]. Fig-
ure 16 shows the a dependence of the atom-molecule
scattering length for BBB (Jpi = 0+, l = 0) systems
[162] displaying the log-periodic resonant structure as-
sociated with the formation of Efimov states at the col-
lision threshold. As expected, in the absence of inelastic
decay (η = 0) aad diverges at values a = a∗(epi/s0)n (n =1,
2, 3, etc.), corresponding to the values of a in which an
Efimov state becomes bound. For η ≠ 0, however, decay
to deeply bound molecules suppresses the poles in aad,
with aad assuming its background value, proportional to
A2 on resonance [164].
b. Atom-molecule elastic scattering for repulsive sys-
tems. For three-body repulsive systems, since the re-
pulsive interaction holds for r0 ≪ R ≪ a, the expecta-
tion is that the atom-molecule scattering length is deter-
mined mostly from a hard-sphere problem with radius a.
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FIG. 16. Scattering length dependence of the atom-molecule
scattering length, aad, for BBB (J
pi = 0+, l = 0) systems [162]
displaying the log-periodic resonant structure associated with
the formation of Efimov states at the collision threshold. In
the absence of inelastic decay (η = 0), aad diverges at values
a = a∗(epi/s0)n (n =1, 2, 3, etc), while for η ≠ 0 decay to deeply
bound molecules suppresses the poles in aad [164].
Within our model, hard-sphere scattering corresponds to
the contributions in Eq. (109) associated with the path-
way (I) in Fig. 14(c), while pathway (II) leads to a cor-
rection to the hard-sphere scattering. In this case, the
amplitudes for each pathway are given by
∣AββI ∣2 = A4(ka)4l+2,∣AββII ∣2 = B4e−4η (r0a )4p0 (ka)4l+2, (115)
with corresponding WKB phases φI = φII = 0, since no
phase is accumulated within the pathways. From the
results above, along with Eq. (109), the atom-molecule
scattering length [Eq. (91)] can be determined to be
a
(l)
ad = [A2 +B2e−2η (r0a )2p0]a2l+1, (116)
with A and B being universal constants. This result is
consistent with the findings for FFF ′ systems (Jpi = 0+
and l = 0) [152, 161], where A2 ≈ 1.2, and for FFX
systems [152]. Although our approach only determines
the overall dependence of the atom-molecule scatter-
ing length on a, the precise value of the universal con-
stants are extremely important. In particular, for FFF ′
systems the values for atom-molecule [152, 161] and
molecule-molecule [87, 193] scattering lengths are im-
portant for describing the BEC-BCS crossover physics
[194, 195].
For the cases in which universal KM states [102–105]
can occur (see Section III E), the derivation of the atom-
dimer scattering length closely follows the derivation of
Eq. (114), but replaces s0 ln(a/a∗) → Ψδ, where Ψδ is a
universal mass-ratio dependent phase [103], and e−4η →
e−4η0 = 1− (1− e−4η)(r0/a)2p0 . Expanding the results for
small η0 ≈ (1/4)(1 − e−4η)(r0/a)2p0 , one finally obtains
a
(l)
adδ = ⎡⎢⎢⎢⎢⎣A2 + B
2
4
sin(2Ψδ)
sin2 Ψδ + [ (1−e−4η)4 ( r0a )2p0]2
⎤⎥⎥⎥⎥⎦a2l+1.
(117)
In this case, the atom-molecule scattering length also dis-
plays resonant effects whenever a KM state is formed, in
agreement with Ref. [103]. The dependence on r0/a in
Eq. (117), however, leads to narrow resonant features in
aad, which is also consistent with the predicted long life-
time of KM states [102–105].
.pdf
V. THREE-BODY COLLISIONS IN
ULTRACOLD GASES
The analysis of three-body scattering processes pre-
sented in the previous sections has benefited from our
ability to classify three-body systems according to their
characteristic attractive and repulsive interactions. This
classification allows us to state that systems falling into
the same category have essentially the same scattering
properties. Scattering observables for three-body attrac-
tive systems display clear signatures of Efimov effects via
the occurrence of interference and resonant effects when-
ever the scattering length changes by the characteristic
Efimov geometric factor, epi/s0 . In contrast, for repulsive
systems the characteristic signature of Efimov physics is
the (relative or absolute) suppression of various inelastic
processes.
In the context of ultracold gases, among all possible
contributions to the collision processes, only a few (if not
only one) are expected to dominate because of their cor-
responding low-energy behavior, as dictated by Wigner’s
threshold laws. These dominant scattering processes will,
ultimately, determine the stability and lifetime of the ul-
tracold gas. Therefore, it is crucial to build up an overall
picture to evaluate how and when Efimov physics can
be experimentally accessible and whether its appearance
will be detrimental or beneficial to the system’s stability.
Moreover, for any finite energy system, one also must un-
derstand the regime in which finite temperature effects
become important. In other words, one needs to un-
derstand the breakdown of the threshold regime, which
ensures the applicability and usefulness of the Wigner
threshold laws. Consequently, in this section, we provide
a summary of the relevant three-body scattering rates
and an analysis of the dominant scattering contributions
and the collisional stability of various types of ultracold
gases. We also provide an analysis of the notion of a
threshold regime and finite temperature effects on three-
body scattering observables.
33
From the perspective of the experimental observability
of Efimov physics in ultracold gases, signatures of Efimov
physics for three-body repulsive systems can be easily
identified through the suppression of atomic and molec-
ular losses. In contrast, the observation of signatures
of Efimov physics for three-body attractive systems is
more delicate, since they are accompanied with generally
strong losses, and they are more sensitive to finite tem-
perature effects. For such cases, the observation of geo-
metric scaling for Efimov states, i.e., the observation of
multiple Efimov features in atomic and molecular losses,
depend strongly on the experimental ability to keep the
gas within the threshold regime [140, 151, 157]. In fact, at
any finite temperature, the threshold regime persists only
within a range of scattering lengths, which define a max-
imum value of the scattering length in which the interfer-
ence and resonant effects associated with Efimov states
can be observed [157]. Outside the threshold regime, the
system enters into the so-called unitarity regime, where
scattering rates becomes independent of a, and all Efi-
mov features are simply washed away [157]. Therefore,
finite temperature effects sets a limit on the number of
consecutive features that can be experimentally accessi-
ble [151].
A. Scaling and threshold laws: Summary
To gain a more comprehensive view of the relevant in-
elastic scattering processes in ultracold quantum gases,
we summarize in Table III our results for the energy and
scattering length dependence for three-body recombina-
tion, K3 (Section IV B 2), collision-induced dissociation,
D3 (Section IV B 3), and atom-molecule relaxation, βrel
(Section IV B 4). The results in Table III cover the in-
elastic processes for all three-body systems in which only
one type of pair interaction is resonant, with the relevant
scattering length for each system also indicated. (Results
for cases in which more than one scattering length is rel-
evant can be found in Ref. [117].) Table III will serve as
a guide for various discussions following this section. As
a result, here, we carefully describe how these results are
structured, and their corresponding physical relevance.
The boldface type in Table III indicates the domi-
nant partial wave contribution for each scattering pro-
cess, as determined by its energy dependence, i.e., by
Wigner’s threshold laws. Note that the dominant con-
tribution does not necessarily correspond to the lowest
J . Although this is always the case for atom-molecule
relaxation, for recombination, the dominant contribution
depends essentially on λ = λm, i.e., the minimum value of
λ determined by the permutational symmetry and total
angular momentum Jpi (see Table I). By including results
for different partial waves, Table III indicates how strong
should be the contribution from the next leading term
for finite temperatures.
In Table III we only show the main power-law behav-
ior for each rate. We have added a label to the the total
angular momentum, Jpi, to indicate whether the corre-
sponding three-body system has attractive or repulsive
Efimov interactions, by marking it with the subscripts A
and R, respectively. For three-body attractive systems,
the terms that are responsible for Efimov features in the
inelastic rates are given in Table III by
Mw3b (a) = 4A2we−2η[sin2[s0 ln(a/a+)] + sinh2 η] h̵µ , (118)
P d3b (a) = A2d2 sinh 2ηsin2[s0 ln(a/a−)] + sinh2 η h̵µ , (119)
describing the interference phenomena in recombination
and dissociation involving weakly bound molecules (a >
0), and resonant effects in recombination into deeply
bound states (a < 0), respectively (see Sections IV B 2
and IV B 3). For atom-molecule relaxation, the resonant
effects are encapsulated in the term (see Section IV B 4)
P dad (a) = A2d2 sinh 2ηsin2[s0 ln(a/a∗)] + sinh2 η h̵µad . (120)
The universal nature of the constants Aw, Cd, and Ad
in Eqs. (118)-(120) is discussed in Sections IV B 2-IV B 4,
respectively. Equations (118)-(120) also explicitly show
the geometric-scaling properties characteristic of the Efi-
mov effect via their log-periodic dependence on a. To-
gether they show that an Efimov feature (a minimum or
a resonant enhancement due to the formation of a Efimov
state) should occur whenever a→ epi/s0a. The values of a
in which such features occur are determined by the three-
body parameters a+, a− and a∗, which encapsulate the
short-range properties of the three-body interactions—
see Section VI B for a discussion on the universality of
such three-body parameters. As one can see from Ta-
ble III, the inelastic rates associated with three-body re-
pulsive systems are typically characterized by their sup-
pression as a increases. Note that for repulsive systems,
while the atom-dimer relaxation rate vanishes for large a,
recombination into deeply bound is enhanced, but with
a weaker a dependence, comparable to recombination
into weakly bound molecules. Note also that for BBX
and FFX repulsive systems, the scattering length de-
pendence of the inelastic rates depends on the specific
value of the mass ratio, δ, through its dependence on the
parameter p0. Recall that for BBX and FFX systems,
for values of δ smaller than a critical value, δ < δc, the
system is characterized by an attractive interaction (the
Efimov effect occurs), while for δ > δc a repulsive inter-
action prevails, and the rates depend on the strength of
such repulsion, p0 [see Figs.7(a)–(h)].
Similarly, Table IV summarizes our results for the elas-
tic three-body scattering length, A3b (Section IV C 2),
and the atom-molecule scattering length, aad (Section
IV C 3). For those cases, the interference and resonant
phenomena in three-body attractive systems, associated
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TABLE III. Energy and scattering length scaling laws for three-body inelastic rates for systems in which only one scattering
length (indicated in the Table) is resonant. For a given value of Jpi, the attractive and repulsive character of the three-body
systems is indicated by the subscripts A and R, respectively, added to the value of Jpi. Note that for BBX (Jpi = 2+) and FFX
(Jpi = 1−) systems, the rates are given for δ < δc and δ > δc, respectively, emphasizing the change in the scattering properties due
to the appearance of the Efimov Effect for δ < δc. (For Jpi = 1− we have δc ≈ 0.073492, and for Jpi = 2+ we have δc ≈ 0.025887.)
Boldface type indicates the leading contribution at threshold.
βwrel K
w
3 K
d
3 D
w
3
System JpiC l a > 0 λm a > 0 a > 0 a < 0 a > 0
BBB(aBB) 0
+
A 0 P
d
ad(a)a 0 Mw3b(a)a4 a4 P d3b(a)∣a∣4 Mw3b(a)k4a5
1−R 1 k2a−2.728 3 k6a10 k6a4.272 k6∣a∣4.272 k10a11
2+R 1 k4a−0.647 2 k4a8 k4a2.353 k4∣a∣2.353 k8a9
BBB′(aBB′) 0+A 0 P dad(a)a 0 Mw3b(a)a4 a4 P d3b(a)∣a∣4 Mw3b(a)a5
1−R 1 k2a−1.558 1 k2a6 k2a1.443 k2∣a∣1.443 k6a7
2+R 2 k4a−0.815 2 k4a8 k4a2.815 k4∣a∣2.815 k8a9
FFF ′(aFF ′) 0+R 0 a−3.332 2 k4a8 k4a3.668 k4∣a∣3.668 k8a9
1−R 1 k2a−0.546 1 k2a6 k2a2.455 k2∣a∣2.455 k6a7
2+R 2 k4a−1.210 2 k4a8 k4a1.790 k4∣a∣1.790 k8a9
BBX(aBX) 0
+
A 0 P
d
ad(a)a 0 Mw3b(a)a4 a4 P d3b(a)∣a∣4 Mw3b(a)k4a5
1−R 1 k2a3−2p0 1 k2a6 k2a6−2p0 k2∣a∣6−2p0 k6a7
2+A 2 P dad(a)k4a5 2 Mw3b(a)k4a8 k4a8 P d3b(a)k4∣a∣8 Mw3b(a)k8a9
2+R 2 k4a5−2p0 2 k4a8 k4a8−2p0 k4∣a∣8−2p0 k8a9
FFX(aFX) 0
+
R 0 a
1−2p0 2 k4a8 k4a8−2p0 k4∣a∣8−2p0 k4a9
1−A 1 P dad(a)k2a3 1 Mw3b(a)k2a6 k2a6 P d3b(a)k2∣a∣6 Mw3b(a)k6a7
1−R 1 k2a3−2p0 1 k2a6 k2a6−2p0 k2∣a∣6−2p0 k6a7
2+R 2 k4a5−2p0 2 k4a8 k4a8−2p0 k4∣a∣8−2p0 k8a9
BBX(aBB) 0
+
R 0 a
−1 0 a4 a2 ∣a∣2 k4a5
[XY Z(aXY )] 1
−
R 1 k
2a−1 1 k2a6 k2a2 k2∣a∣2 k6a7
2+R 2 k4a−1 2 k4a8 k4a2 k4∣a∣2 k8a9
with the Efimov effect, are encapsulated in the terms
Iw3b (a) = (A2 − B2e2η ) + 2B2e2η sin2[s0 ln(a/a+) − pi4 ], (121)
Rd3b (a) = A2 + B24 sin[2s0 ln(∣a/a−∣)]sin2[s0 ln(∣a/a−∣)] + sinh2 η , (122)
for the three-body scattering length, A3b, while the res-
onant effects in the atom-molecule scattering length are
encapsulated through
Rdad (a) = A2 + B24 sin[2s0 ln(a/a∗)]sin2[s0 ln(a/a∗)] + sinh2 η . (123)
The nature of the universal constants above is discussed
in Sections IV C 2 and IV C 3. Note that the only cases
in Table IV in which a negative value of the scattering
length can be obtained are the ones in which a three-body
state is formed at the collision threshold. In the case of
attractive systems, formation of Efimov states leads to
resonant effects parametrized by Eqs. (122) and (123).
For repulsive systems, although not explicitly shown in
Table IV, a negative value of the atom-molecule scatter-
ing length is also possible for some values of the mass ra-
tio due to the presence of KM states [102–105] for BBX
(Jpi > 0-even) and FFX (Jpi-odd) systems, as explained
in Section IV C 3. Although we do not explore the rele-
vance of the three-body elastic parameters A3b and aad,
it is well-known that, from the mean-field point of view,
both the magnitude and sign of the scattering lengths are
important in determining the character of the three-body
interactions in a many-body system. For large and pos-
itive values for the elastic scattering parameters, mean-
field interactions are expected to be strong and repulsive,
while for large and negative values, mean-field interac-
tions are strong and attractive. Therefore, the results
in Table IV can offer further insights on the impact of
three-body elastic processes for the collective behavior of
ultracold quantum gases, an analysis beyond the scope
of the present study.
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B. Collisional stability of ultracold gases
Using the results in Table III, we now analyze the colli-
sional properties of ultracold quantum gases and identify
the important processes determining their lifetimes and
stabilities. We do this here, however, only to provide
an overall look at such issues and characterize the Efi-
mov physics accessible in different quantum gases. We
first analyze the relevant scattering processes according
to the structure of the gas, i.e., whether it forms a pure
atomic sample, an atom-dimer mixture, or a pure molec-
ular sample. We then perform the analysis on the lifetime
and stability of such samples, which strongly depend on
their intrinsic quantum statistics.
a. Atomic and molecular loss processes. For pure
atomic samples, recombination represents the main colli-
sional process leading to atomic losses. However, for large
values of a > 0, while recombination to deeply bound
molecules (Kd3 ) will unequivocally lead to atomic losses
(both atom and diatomic molecules will have enough ki-
netic energy to escape from the trap), weakly bound
molecules formed via recombination (Kw3 ) can still re-
main trapped. In this case, both relaxation (βwrel) and
dissociation (Dw3 ) of weakly bound molecules can start
contributing to the collisional and dynamical proper-
ties of the system. Note that although relaxation will
lead to atomic and molecular losses, dissociation does
not necessarily leads to losses. Weakly bound molecules
formed by recombination can have enough kinetic en-
ergy to be dissociated due to collisions with other atoms
(or molecules), thus leading to an increase in the num-
ber of atoms. In the case of atom-molecule samples,
if the temperature is lower than the molecular binding
energy, relaxation (due to collisions of other atoms or
molecules) is the main process controlling the molecu-
lar lifetime. The stability of the atomic component of
this mixture, however, will be controlled by both relax-
ation and recombination. Evidently, if the temperature is
larger than the molecular binding energy, or if recombina-
tion can lead to the formation of trappable weakly bound
molecules, dissociation will also play a role, greatly com-
plicating the dynamics of the system. In pure molecular
gases, molecule-molecule collisions (not covered in Ta-
ble III) are the main collisional process controlling the
stability of such samples, and whether such molecules
are composite bosons or fermions have important impli-
cations for their collisional properties due the Wigner
threshold law. For bosonic molecules relaxation is con-
stant at threshold, while for fermionic molecules, relax-
ation is suppressed due to their p-wave character. More-
over, if any of the possible three-body subsystems of the
molecule-molecule four-body compound belongs to the
attractive or repulsive class of three-body systems, in-
elastic molecule-molecule collisions can display resonant
effects or be suppressed [87, 190–193].
b. Collisional stability of ultracold quantum gases.
In ultracold Bose gases (single component), the main col-
lisional behavior is determined from the Jpi = 0+ partial-
wave contribution for BBB systems. Efimov resonant
and interference features can be observed in atomic and
molecular losses caused by recombination, dissociation
and relaxation, with rates given according to Table III.
A similar situation is found in ultracold Bose gas mix-
tures with two components, where the main collisional
behavior is also determined from the Jpi = 0+ partial-wave
contribution. In this case, however, the main collisional
behavior originates from two different systems, BBb and
Bbb, where B and b denote two dissimilar bosons. If the
interspecies interactions are resonant, the Efimov effect
occurs for both systems. As a result, a more complicated
structure of interference and resonances can be expected
to occur, since BBb and Bbb systems can have different
geometric-scaling parameters, epi/s0 (see Fig. 4). More-
over, depending upon the mass ratio, δbB < δc ≈ 0.025887,
the contributions from BBb collisions can also display
Efimov features, associated with Jpi = 2+ Efimov states.
However, if the density of the B and b species is substan-
tially different, only one of the processes will dominate
the collisional behavior of the system. For instance, if the
density of B atoms is much higher than the density of b
atoms, one can expect BBb processes to be the leading
contribution to atomic and molecular losses. Whether
or not the Bose gas is made out of a single or two com-
ponents, in both cases the dominant contribution for re-
combination and relaxation is constant at low energies
and proportional to a4 and a, respectively—see Table III.
This dependence of the loss rates on a should lead to a
drastic reduction of the system’s lifetime as a increases.
As a result, bosonic gases are intrinsically unstable in the
resonant regime.
In contrast, ultracold Fermi gases (single component)
are far more stable. In such systems, however, the inter-
actions can only be tuned via p-wave interactions. In this
case, although recombination is still enhanced for large
values of the p-wave scattering length [196–201], their en-
ergy dependence (controlled by the Wigner threshold law
[154]) still ensures its suppression. Although in molec-
ular samples, collisions between p-wave molecules with
other atoms and molecules are not suppressed at low en-
ergies, they remain constant for large values of the p-wave
scattering length [161]. In the case of ultracold Fermi
gas mixtures with two components, strong s-wave inter-
actions are allowed between the components. For pure
atomic samples, the main collisional behavior is deter-
mined from the Jpi = 1− partial-wave contribution for
recombination and dissociation, while for atom-molecule
mixtures, the collisional behavior is determined from the
Jpi = 0+ partial-wave for relaxation (see Table III). Simi-
lar to Bose gas mixtures, atomic and molecular losses in
a two-component Fermi gas can originate from two dif-
ferent three-body systems, FFf and Fff , where F and
f denote two dissimilar fermions. For this case, when-
ever δfF < δc ≈ 0.073492, one should expect the contribu-
tions from FFf collisions to display Efimov features—
associated with Jpi = 1− Efimov states— that can be ob-
servable through atomic losses associated to three-body
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recombination. For values of the mass ratios in which
none of the systems display the Efimov effect, the signa-
ture of Efimov physics characteristic for this case is the
suppression of recombination into deeply bound molecu-
lar states, which comes from the a6−2p0 dependence on re-
combination (see Table III). For specific values of p0, see
Fig. 7(e). In general, in Fermi gas mixtures one should
expect long lifetimes in both pure atomic samples and
atom-molecule mixtures, even in the large a regime. In
atomic samples, recombination is suppressed due to its
k2 energy dependence, while in atom-molecule mixtures,
the suppression occurs due the a1−2p0 dependence on re-
laxation, which is a direct result of the Efimov physics
(see Table III).
In ultracold Bose-Fermi mixtures (two components), as
with the other gas mixtures, two different inelastic pro-
cesses can contribute, one involving two bosons, BBF ,
and the other involving two fermions, BFF . The dom-
inant collisional behavior, however, is solely determined
from the Jpi = 0+ partial-wave contribution for BBF col-
lisions, since contributions for BFF are suppressed be-
cause of its energy and/or scattering length dependence.
For instance, while Jpi = 0+ recombination for BBF sys-
tems is constant in the low energy limit (displaying Efi-
mov features), recombination for a BFF system is de-
termined by the Jpi = 1− contribution, which vanishes
as k2 at threshold (see Table III). In the case of relax-
ation, the relaxation rate for both systems is constant
at low energies (determined by the Jpi = 0+ contribu-
tion). However, relaxation for BFF is suppressed in the
limit of large scattering lengths as a1−2p0 , while relax-
ation for a BBF systems scales linearly with a and dis-
plays resonant enhancements due to the formation of Efi-
mov states (see Table III). We also note that, for mass
ratios δBF < δc ≈ 0.073492, the Efimov effect can also
occur for BFF systems where resonant and interference
effects due to Jpi = 1− Efimov states can also occur and
might still be visible if the temperature of the gas is not
too low. Because the dominant collisional behavior is
controlled by the BBF system, Bose-Fermi mixtures are
expected, in general, to be short-lived. However, for a
mixture of BF molecules with only F atoms, relaxation
is suppressed due to its a1−2p0 dependence (see Table III),
which results in a long-lived mixture for large values of a.
Specific values for the scaling of relaxation for different
Bose-Fermi mixtures can be found in Ref. [85].
Evidently, the determination of collisional properties
for multicomponent ultracold gases, when multiple scat-
tering lengths can be tuned to large values simultane-
ously, is more complicated and depends strongly on the
quantum statistics of the gas. Nevertheless, this is a
tractable problem, and we have addressed most of the
relevant issues in the analysis presented in Refs. [86, 117],
where a similar approach to the one presented in Section
IV has been applied to determine the relevant scattering
rates. As shown in these works, a multitude of interesting
effects can lead to unique ways of probing Efimov physics
and controlling the collisional properties of the system.
TABLE IV. Scattering length dependence of the elastic atom-
molecule scattering length, aad, and three-body scattering
length A3b. The attractive and repulsive character of the
three-body systems is indicated by A and R, respectively.
Boldface type indicates the leading contribution at threshold.
aad A3b
System JpiC l a > 0 λm a > 0 a < 0
BBB(aBB) 0
+
A 0 R
d
ad(a)a 0 Iw3b(a)a4 Rd3(a)a4
1−R 1 a3 3 a10 a10
2+R 2 a5 2 a8 a8
BBB′(aBB′) 0+A 0 Rdad(a)a 0 Iw3b(a)a4 Rd3(a)a4
1−R 1 a3 1 a6 a6
2+R 2 a5 2 a8 a8
FFF ′(aFF ′) 0+R 0 a 2 a8 a8
1−R 1 a3 1 a6 a6
2+R 2 a5 2 a8 a8
BBX(aBX) 0
+
A 0 R
d
ad(a)a 0 Iw3b(a)a4 Rd3(a)a4
1−R 1 a3 1 a6 a6
2+A 2 Rdad(a)a5 2 Iw3b(a)a8 Rd3b(a)a8
2+R 2 a5 2 a8 a8
FFX(aFX) 0
+
R 0 a 2 a
8 a8
1−A 1 Rdad(a)a3 1 Iw3b(a)a6 Rd3b(a)a6
1−R 1 a3 1 a6 a6
2+R 2 a5 2 a8 a8
BBX(aBB) 0
+
R 0 a 0 a
4 a4
[XY Z(aXY )] 1
−
R 1 a
3 1 a6 a6
2+R 2 a5 2 a8 a8
C. Threshold regime and finite energy effects
In the previous two sections, the characterization of
the collisional properties of ultracold quantum gases was
accomplished by identifying the dominant contribution
for the inelastic rates in the low-energy limit without ex-
plicitly quantifying what sets up this regime. In fact,
the analysis in the previous sections is only meaningful
provided that the temperature of the system represents
the smallest energy scale in the problem. This condition
relates to the validity of the Wigner’s threshold laws,
which determines the low-energy behavior of scattering
observables. Therefore, whenever the temperature (or
collision energy) is found to be the smallest energy scale
in the system, it is said that the system is in the threshold
regime and the collisional rates obey Wigner’s threshold
laws. If the condition for the threshold regime is not
satisfied, finite energy effects in the three-body scatter-
ing rates have been shown to be extremely important
[157, 202–209]. In this case, not only are the low-energy
expressions for the three-body rates not valid, but also
other higher partial-wave contributions are expected to
substantially contribute to the total rates. Moreover, as
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shown in Ref. [157], at any finite temperature, the condi-
tion for the threshold regime is always violated for values
of a exceeding a certain critical value, ac (characterized
below). Therefore, it is crucial to understand the physics
behind such breakdown of the threshold regime.
The violation of the threshold regime shown in
Ref. [157] was found for ∣a∣ ≳ ac as a result of the appear-
ance of a new energy scale. For example, for a > 0, this
energy scale is set by the binding energy of the weakly
bound molecular state, while for a < 0 the energy scale
is set by the height of a potential barrier. Both this
height and binding energy are proportional to 1/a2, and
become increasingly small as a becomes large. Therefore,
for three-body collisions, the condition k∣a∣ ≪ 1 specifies
the range of energies, or, equivalently, the range of scat-
tering lengths, ∣a∣ ≪ ac = 1/k, where the system is in the
threshold regime. In this case, the three-body scattering
observables can be quantitatively described by their dom-
inant contribution, as shown in Table III. For three-body
repulsive systems the violation of the threshold regime
only implies a change in behavior for the collision rates
with a beyond ac. However, for three-body attractive
systems, ac also defines the maximum value of the scat-
tering length in which interference and resonant effects
associated to Efimov states can be observed. As a re-
sult, the condition for the threshold regime sets a limit
on the number of consecutive Efimov features that can
be experimentally accessible for a given temperature (see
discussion in Ref. [151]).
For values of ∣a∣ beyond ac the transition probabilities∣Tfi∣2 in Eqs. (49), (72) and (81) become constant, there-
fore drastically changing the energy and scattering length
dependence of the inelastic scattering rates [157]. In
fact, in this unitarity regime (since ∣Tfi∣2 approaches unit
value), the rates become independent of a. For recom-
bination (49), dissociation (72), and relaxation (81), the
unitarity-limited values for the rates (valid for ∣a∣ ≫ ac
or, equivalently, k∣a∣ ≫ 1) are given, respectively, by
Ku3 (E) = 8n!pi2h̵5(2J + 1)µ3E2 (1 − e−4η), (124)
Du3 (E) = 4pih̵2(2J + 1)
21/2µ3/2ad E1/2 (1 − e−4η), (125)
βurel(E) = 4pih̵2(2J + 1)
21/2µ3/2ad E1/2 (1 − e−4η), (126)
where n is the number of identical particles and η
the usual three-body inelasticity parameter [42]. The
η-dependent term in Eq. (124) was first obtained in
Refs. [2, 209]. Although Eqs. (124)-(126) give a limit-
ing value for the inelastic collision rates in the unitar-
ity regime, they are only part of the story for attrac-
tive three-body systems. In the unitarity regime, Efimov
states lead to oscillations in the inelastic three-body rates
as the energy changes, with the number of oscillations
determined by the number of Efimov states for a given
value of a [207, 208] (see also Refs. [112] and [210]) .
The validity, and eventual breakdown, of the thresh-
old regime can be illustrated by comparisons between the
universal formulas from Table III and the fully numeri-
cal calculations. This comparison is done in Fig. 17(a),
where black solid lines represents the analytical, zero-
range, and zero-energy results for recombination for
BBB (Jpi = 0+) systems from Table III. The numerical
results [lines with symbols in Fig. 17(a)] were obtained
for Cs atoms in Ref. [140], using a finite-range two-body
interaction supporting up to three diatomic molecular
states. The results display three interference minima
(a > 0) and three resonances (a < 0). For a > 0 recom-
bination can lead to weakly bound and deeply bound
molecules (green and red curves, respectively), while for
a < 0 recombination can only proceed to deeply bound
molecules (see Ref. [140]). Note that for a > 0 there
exists an additional d-wave resonance feature that ap-
pears when the scattering length is of the order of the
range of the interaction, r0 = 100a0, where a0 is the Bohr
radius [see blue curve in Fig. 17(a)]. In fact, the gray-
shaded area in Fig. 17(a) indicates the region in which∣a∣ ≲ r0, emphasizing the region in a in which finite-
range effects not incorporated within the zero-range re-
sults [black solid lines in Fig. 17(a)] can play an impor-
tant rule. One clear consequence of such corrections is
that the predicted geometric scaling between scattering
features, epi/s0 ≈ 22.7, can only be quantitatively verified
for those deep in the ∣a∣ ≫ r0 regime, even in the zero
energy limit.
For the lowest collision energy in Fig. 17(a) (E/kB =
0.67 × 10−4nK), the critical scattering length, ac =
1/(mE)1/2 (where m is the atomic mass) is about ac ≈
4.4 × 106a0, thus ensuring the validity of the zero-energy
limit results of Table III for the entire range of a dis-
played in Fig. 17(a). As the collision energy increases
toward more accessible values, this range gets substan-
tially smaller. For E/kB = 6.7 × 10−2nK, 6.7nK and
670nK, the corresponding values for ac are 1.3 × 105a0,
1.3 × 104a0, and 1.3 × 103a0, as indicated by the vertical
dashed lines in Fig. 17(a). For a given collision energy,
recombination becomes independent of a for values of∣a∣ ≳ ac, i.e., when the system enters into the unitarity
regime [157], with values consistent with the unitarity-
limited rate in Eq. (124). In the unitarity regime, all
Efimov features (minima and resonances) in recombina-
tion are completely washed out, illustrating the fact that
the number of observable Efimov features will depend
on the energy [Fig. 17(a)]. One can, however, estimate
the number of Efimov features that are observable in loss
rates for a given temperature. Accordingly to Eq. (45)
and the discussion in Section III E, this number can be
estimated by [151]
N ≈ s0
pi
ln(ac/r0) = s0
pi
ln(1/kr0). (127)
This result emphasizes that in systems with large values
of s0, such as those with two heavy and one light atoms,
the number of experimentally accessible Efimov features
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FIG. 17. (a) Comparison of the finite-energy and finite-range numerical calculations for Jpi = 0+ recombination of Cs atoms to
the analytical results from Table III (black solid lines). For a > 0, green and red curves (with symbols) represent recombination
into weakly and deeply bound molecules, respectively, while for a < 0 recombination only occurs to deeply bound molecular
states. For a > 0 there exists an additional d-wave resonance feature (blue curve) which appears for values of a on the order
of the range of the interaction. The gray shaded areas indicate the region a in which finite-range effects are expected to be
important. Finite energy effects are evident for ∣a∣ > ac, where recombination becomes independent of a [157]. (b) Contour plot
of K3/a4 demonstrating the importance of the fundamental energy scale, proportional to 1/a2, in determining the threshold
regime.
will be larger for a given temperature, thus allowing for
the observation of multiple features [151]. However, a se-
ries of universal relationships that connect different Efi-
mov scattering features offer a path around the limita-
tions related to the finite temperature effects discussed
here, while still providing evidence of the Efimov effect
(see Section VI).
A more clear demonstration of the importance of the
h̵2/ma2 energy scale in determining the range of valid-
ity of the threshold regime can be seen in Figure 17(b),
where a contour plot of K3/a4 is shown for both a > 0 and
a < 0. [The dashed line in Fig. 17(b) is the correspond-
ing h̵2/ma2 energy scale.] Figure 17(b) also illustrates
the energy dependence of the position of the minima and
resonances in recombination. Even before reaching the
unitarity regime, ∣a∣ ≫ ac, the finite energy effects already
can modify such positions and therefore impact the obser-
vation of geometric scaling. Note that passing the range
of validity of the threshold regime, higher partial waves
can also contribute, and can even dominate the total
rate. This fact was shown in Ref. [157] by calculating the
Jpi = 2+ contribution for recombination of three identical
bosons (the next leading-order contribution for recombi-
nation in Table III). Other examples can be found in the
literature (see, for instance, Refs. [135, 211, 212]). Note
also that although our analysis indicates that h̵2/ma2
is the important energy scale controlling the validity of
the threshold regime, changes this rule can be expected
if some other smaller energy scale is introduced in the
problem.
Taking account the discussions here, it is clear that
whenever ∣a∣ ≳ ac finite energy effects and contributions
from higher-Jpi partial waves must be taken into account
to accurately determine the scattering rates. In the con-
text of ultracold quantum gases, however, thermal ef-
fects must also to be considered. In a gas of ultracold
atoms and/or molecules, a thermal distribution of ener-
gies, rather than in a well-defined energy state is found.
In the thermal regime (i.e., in the nondegenerate regime),
atoms and molecules should follow a Boltzmann distribu-
tion of energies, and three-body scattering rates should
be properly thermally averaged accordingly to this dis-
tribution. For a system at temperature T , the proper
thermally averaged recombination, dissociation, and re-
laxation rates are given by [157]:
⟨K3⟩ = 1
2(kBT )3 ∫ ∞0 K3E2e−E/kBT dE, (128)⟨D3⟩ = 1
pi1/2(kBT )3/2 ∫ ∞0 D3E1/2e−E/kBT dE, (129)⟨βrel⟩ = 1
pi1/2(kBT )3/2 ∫ ∞0 βrelE1/2e−E/kBT dE, (130)
respectively. Within the threshold regime, k∣a∣ ≪ 1, the
effect of thermal averaging is simply determined based on
the threshold law for each scattering observable: K3 ∝
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k2λ, D3 ∝ k2λ+4 and βrel ∝ k2l (see Section IV). Using
Eqs. (128)-(130), the thermally averaged rates are found
to be
⟨K3⟩ ≈ Γ(λm + 3)
2
K3(kBT ), (131)
⟨D3⟩ ≈ Γ(λm + 72)
2
D3(kBT ), (132)
⟨βrel⟩ ≈ Γ(l + 32)
2
βrel(kBT ), (133)
where λm and l are given in Table III. Therefore, except
for some proportionality constants, the thermally aver-
aged rates are obtained simply by substituting E with
kBT . For BBB systems, since J
pi = 0+ (λm = 0 and l = 0)
is the dominant contribution at threshold, thermal aver-
aging has no effect in recombination, but averaging does
enhance dissociation by a factor 15
√
pi/16 ≈ 1.66 and re-
duces relaxation by a factor
√
pi/4 ≈ 0.44. Now, whenever
the system is in the unitarity regime, k∣a∣ ≫ 1, the ther-
mally averaged rates can also be determined simply from
their energy dependence in Eqs. (124)-(126). In this case,
we obtain the thermally averaged, unitarity-limited rates
as
⟨Ku3 ⟩ ≈ 12Ku3 (kBT ), (134)⟨Du3 ⟩ ≈ 1pi1/2Du3 (kBT ), (135)⟨βurel⟩ ≈ 1pi1/2 βurel(kBT ). (136)
Again, apart from a proportionality constant, the ther-
mally averaged rates are obtained simply by substituting
E with kBT in Eqs. (124)-(126). In all cases, however,
thermal averaging leads to a reduction of the unitarity-
limited rates.
VI. UNIVERSALITY IN FEW-BODY SYSTEMS
To some extent, everything we have discussed so far is
a result of the universality of few-body systems. The fact
that all three-body systems with resonant s-wave inter-
actions can be classified into only two classes, the nature
and origin of Efimov states and other few-body states,
the scattering length dependence of the collisional pro-
cesses and various other properties are all independent
of the actual form of the interparticle interactions. All
that is assumed is that s-wave interactions are strong
and that they have a finite-range character. Evidently,
since most of the universal properties of few-body sys-
tems are derived from the use of zero-range interactions,
more realistic systems will display finite-range corrections
to the universality when the interactions are not strong
enough, i.e, when the condition ∣a∣ ≫ r0 is not fully satis-
fied [see discussion of Fig. 17(a) in Section V C]. In fact,
understanding finite-range corrections and determining
whether they are themselves universal is a crucial point
in further developing our knowledge of the underlying
universal phenomena. Understanding finite-range effects
is especially important considering that under accessible
experimental conditions, few-body observables will likely
be sensitive to finite-range corrections.
In this Section, we analyze a set of important universal
relations among different few-body parameters derived
from Refs. [42, 121–123], from which we can estimate the
effect of finite-range interactions. Such universal rela-
tions connect the different Efimov interferences and res-
onances as well as the energy of Efimov states in an el-
egant and unifying way. At the same time, they offer
a path that mitigates finite-temperature effects (see Sec-
tion V C) by allowing for the exploration of the universal-
ity between Efimov features associated with the low-lying
states, i.e., without requiring extremely large values of a.
In that case, however, understanding finite-range effects
in such universal relations is of critical importance. We
conclude this section by briefly discussing the recent de-
velopments, both experimentally and theoretically, that
led to the establishment of the universality of both three-
body and four-body parameters. This universality repre-
sents a unique characteristic of atomic systems that can
open up ways to expand our knowledge of the Efimov
universal phenomena in ultracold quantum gases.
A. Universal relations for Efimov features
From the perspective of the experimental observation
of the Efimov effect in ultracold quantum gases, one di-
rect way to clearly identify such phenomena is through
the observation of multiple consecutive Efimov features
in atomic and molecular losses following the character-
istic geometric scaling, epi/s0 . As shown in the previous
section, however, this approach requires tuning the scat-
tering length to very large values and extremely low tem-
peratures to keep the system within the threshold regime.
There are, however, other properties one can identify that
also relate to the Efimov effect that may circumvent the
requirement to keep the system under such extreme con-
ditions. In this section, we describe the universal re-
lations between Efimov features from different scattering
observables. The existence of a universal relationship be-
tween these features was first determined by Braaten and
Hammer in Ref. [42], and later expanded in Ref. [121],
for the case of three identical bosons and then extended
to heteronuclear systems in Ref. [122, 123]. The obser-
vation of a single Efimov feature in any two observables
and the verification of their corresponding universal rela-
tions, serves as a unique way to demonstrate the physics
implied by the Efimov effect.
The key underlying concept explored by the universal
relations between Efimov features is that the three-body
physics depends on a single three-body parameter that in-
corporates the short distance behavior of the three-body
interactions [38–41]. This concept implies that the ob-
servation of a single Efimov feature (or, equivalently, the
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determination of a single three-body parameter) would
be sufficient to derive all the properties of the system.
As we discussed in Sections IV B and IV C, the relevant
three-body parameters for scattering observables are a+,
a− and a∗, determining, respectively, the values of the
scattering length in which interference minima (a > 0)
and resonances (a < 0) occur in three-body recombina-
tion [Eqs. (58) and (63)] and the resonances in atom-
molecule relaxation (a > 0) [Eq. (87)]. Figure 18 illus-
trates the Efimov energy spectrum, indicating the po-
sitions of the Efimov features in scattering observables.
Efimov states, with energy E3b, are labeled by the in-
dex i (with i = 0,1,2, ...,∞) and the additional index
on the a+, a− and a∗ parameters indicates their Efimov
family parentage. [According to the usual geometric scal-
ing properties of the problem, each value corresponds to:
a+,i = a+(epi/s0)i, a−,i = a−(epi/s0)i, and a∗,i = a∗(epi/s0)i.]
One can generically define the universal relations be-
tween the Efimov features as
aα,i/aβ,j = θαβ (epi/s0)i−j , (137)
where θαβ = aα/aβ , with α and β assuming the values “−”,
“+” and “∗”, and i and j running over the index labeling
the Efimov states. Note that universal relations also ex-
ist between the scattering three-body parameters (a+, a−
and a∗) and the energy of the Efimov states at a = ±∞
[42, 121]. The coefficients θ in Eq. (137) define the funda-
mental ratios. Evidently, whenever the universal relation
in Eq. (137) is applied to features belonging to the same
scattering observable (i.e., when α = β), we obtain θαα = 1,
and the universal relation simply refers to the geometric-
scaling property of Efimov physics. The fundamental
ratios for Efimov features from different scattering ob-
servables are universal and deeply rooted in the universal
properties of Efimov physics. As shown in Refs. [42, 121],
for the case of three identical bosons, their values are:
θ+− = a+/a− ≈ −0.209914,
θ∗− = a∗/a− ≈ −0.046938,
θ∗+ = a∗/a+ ≈ 0.223604. (138)
From Eq. (137), it is clear that the determination of a sin-
gle Efimov feature will determine all other scattering fea-
tures. The universal relations in Eq. (138) are extremely
useful and important, considering that experiments are
likely to be limited by the observation of a small number
of consecutive features; the ability to determine their re-
lationship to other features offers strong evidence of the
universal behavior related to Efimov physics.
For heteronuclear BBX systems with resonant inter-
species interactions, the fundamental ratios θ+−, θ∗− and θ∗+
were determined for the Jpi = 0+ state in terms of their
mass ratio δXB =mX/mB dependence in Ref. [122]. Re-
sults are shown in Fig. 19. The ratio θ∗− has also been
calculated in Ref. [123] for FFX (Jpi = 1−) systems for
values of the mass ratio δXF =mX/mF smaller than the
critical value δc ≈ 0.073492. According to the analysis of
Ref. [122], the ratio ∣θ+− ∣ = 1/epi/2s0 , thus depending on the
FIG. 18. Illustration of the Efimov energy spectrum and cor-
responding three-body parameters, a+, a− and a∗, relevant
for three-body scattering. For a < 0 Efimov states are formed
at scattering lengths a−,i while for a > 0 they are formed at
a∗,i, causing resonant effects in recombination and relaxation,
respectively, at such values. For a > 0, Efimov physics is man-
ifested via destructive interference effects leading to minima
in recombination for scattering lengths a+,i. The position of
these resonant and interference features are universally re-
lated according to Eq. (137).
mass ratios only through s0 and valid for other systems.
This remarkably simple result implies that the maxima
in Kw3 /a4 (a > 0) (i.e., the maximum between two inter-
ference minima) and Kd3 /a4 (a < 0) are symmetric across
the resonance (∣a∣ → ∞). Moreover, since θ+− can be de-
termined analytically, and because θ∗− = θ+−θ∗+, knowing
one of the remaining two fundamental ratios is enough
to determine the other.
Note that, in principle, the universal relations in
Eq. (137) could only be expected to be valid if they are
obtained from Efimov features that belong to the same
two-body resonance, since different resonances would im-
ply different short-range physics. This expectation was
shown explicitly in Ref. [140], where recombination was
numerically calculated for three identical bosons inter-
acting via a finite-range potential. However, more re-
cent developments have shown that the specific form of
the interactions between neutral atoms leads to a novel
type of universality in which case the universal relations
obtained from Efimov features that belong to different
two-body resonances can indeed be expected to satisfy
Eq. (137). (We discuss such aspects in the next sec-
tion.) It is also important to emphasize that the uni-
versal relations in Eq. (138) were obtained assuming a
zero-range interaction model. As a consequence, finite-
range corrections to these results can be expected for
the relations between Efimov features associated to low-
lying states. In fact, strong deviations from the geometric
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FIG. 19. Mass ratio dependence of the value of the the fun-
damental ratios θ+−, θ∗− and θ∗+ from Ref. [122], specifying the
relative position of the Efimov features in three-body scatter-
ing observables for BBX (Jpi = 0+).
scaling between consecutive Efimov features, epi/s0 , were
found whenever the features occur for scattering lengths
not deep inside the universal regime (∣a∣ ≫ r0) [140]. The
existence of such deviations are important to be recog-
nized by any experimentalist seeking to verify Efimov fea-
tures. Moreover, understanding the physics controlling
the deviations and whether they are themselves univer-
sal, are of crucial importance. Much progress has been
achieved recently. We explore some of this progress in
the next section.
B. Universality of the three-body parameter
In the recent years, an unexpected development has
changed one of most fundamental aspects of Efimov
physics conceived at the time of its original prediction
[38–41]: Although the universal physics related to the
Efimov effect depends on a single three-body parameter,
this three-body parameter is itself expected to be nonuni-
versal. In fact, since the three-body parameter depends
on the short-range behavior of the three-body interac-
tions, this concept does make sense—different atomic
species or different two-body resonances should imply
different three-body interactions at short distances, es-
pecially considering the importance of short-ranged non-
additive three-body forces [213, 214]. Nevertheless, this
scenario has proven to be not true for ultracold atoms.
This fact was first shown from the experimental observa-
tions in 133Cs [47] where the observed value for the three-
body parameter a− was the same (within a 15% margin)
for different two-body resonances. However, the theory
at that point essentially expected no correlation between
the results. Moreover, if the value for a− is recast in terms
of the van der Waals length, rvdW, the observations in all
other available atomic species also led to similar results,
a− ≈ −10rvdW (see Refs. [48, 112] for a summary of such
experimental findings). This new universal picture for
the three-body parameter was then confirmed and inter-
preted theoretically as intimately related to the van der
Waals forces in atomic systems [215–226].
In Refs. [215–221] the origin of the universality of the
three-body parameter was found to be rooted in the sud-
den increase of kinetic energy as atoms approach each
other and, consequently, leads to the suppression of the
probability of finding atoms at short distances. When
two atoms approach each other, the steep change in the−C6/r6 interaction (where C6 is the usual van der Waals
dispersion coefficient) leads to a sudden increase of the
local two-body kinetic energy that, consequently, sup-
presses the amplitude of the wave function for r < rvdW
(see Ref. [216]). Intuitively, on the three-body level, this
increase of kinetic energy should now be manifested as
a repulsive barrier for R < rvdW. The three-body effec-
tive potentials (in van der Waals units) for three-identical
bosons [215–217] are shown in Fig. 20. The atoms inter-
act via a Lennard-Jones potential tuned to give a = ∞
and no deeply bound states. As one can see, the rel-
evant channel for Efimov physics (i.e., the attractive
1/R2 effective potential) is, in fact, repulsive for distances
R ≲ 2rvdW, thus consistent with the increase of the lo-
cal two-body kinetic energy. A more detailed study in
Ref. [220] has provided further insights into the origin of
the universality of the three-body parameter by showing
that, because of the high kinetic-energy cost, the three-
body system is subject to a geometric deformation. This
deformation effectively prevents three atoms from coming
within distances smaller than rvdW and, consequently,
leads to a universal three-body parameter (see more de-
tails in Ref. [115]). The universality of the three-body
parameter has also been explored for three-body systems
with interactions other than van der Waals, leading to
interesting prospects in nuclear physics and solid-state
physics [221].
The universality for ultracold atoms was systematically
studied for systems supporting multiple diatomic states
and different model interactions [215, 216]. Physically,
this potential barrier prevents all three atoms, collid-
ing at ultracold energies, from approaching at distances
smaller than R ≲ 2rvdW. As a result, the atoms can not
probe the details of the interactions, thus leading to a
universal three-body parameter. At higher collision en-
ergies (E ≫ h̵2/mr2vdW) or collision processes involving a
deeply bound diatomic state, however, the system can, in
fact, probe the short-range behavior of the interactions,
and the universality of three-body observables should not
be expected. The inset of Fig. 20 shows a typical short-
range behavior for a three-body system with many di-
atomic states [215]. The figure illustrates the complexity
that is avoided at ultracold energies by the existence of
the potential barrier at R ≃ 2rvdW.
The repulsive interaction in Fig. 20 also persists for
finite values of a and translates into the universality of
all three-body parameters a+, a−, and a∗ [215, 217]. In
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FIG. 20. Three-body effective potentials (in van der Waals
units) for the BBB (Jpi = 0+) system with atoms interacting
via a Lennard-Jones potential tuned to give a = ∞ and no
deeply bound states [215–217]. The relevant attractive 1/R2
effective potential for Efimov physics is repulsive for distances
R ≲ 2rvdW, preventing atoms from probing the details of the
interaction (see inset). The universality of this result was sys-
tematically tested for systems supporting multiple diatomic
states and different model interactions [215, 216].
fact, universality holds for scattering lengths of the order
of rvdW, in which case effects associated to the van der
Waals universality [227, 228] becomes important. The
results for the relevant three-body parameters obtained
from averaging the results of Ref. [217], using a differ-
ent number of diatomic states, are listed in Table V. The
results from Ref. [217] deviate among themselves within
less than 2%, a strong indication of universality. More-
over, since Ref. [217] uses a finite-range potential, this
result indicates that finite-range effects should also be
universal. Note that the three-body parameter a∗,0, as-
sociated with the lowest Efimov state is absent in the
table, since, as shown in Ref. [217], this state fails to
cross the atom-molecule threshold because of the exis-
tence of a variational principle [229, 230] that prevents
the energy of the three-body ground state from exceeding
that of the two-body system.
Now, to compare the results from Table V to the zero-
range results [Eqs. (137) and (138)], we define the uni-
versal relation between three-body parameters as
aα,i/aβ,j = Θαβi,j (epi/s0)i−j , (139)
where α and β can assume the values “−”, “+” and “∗”,
while i and j run over the index labeling the Efimov state.
For features obtained for large values of a, i.e., for large
values of i and j, finite-range effects should be less impor-
tant, and the fundamental ratio Θ should approach the
values for the ratio θ obtained from the zero-range model
[Eq. (138)]. Therefore, Eq. (139) allows us to determine
the size of finite-range effects depending on the states
analyzed. The values for Θ obtained from the three-
body parameters are listed in Table V and compared
to those from the zero-range model for three-identical
bosons. As one can see, the deviations are substantial.
For a more comprehensive analysis on the finite-range
effects, see Ref. [217].
TABLE V. Values for the three-body parameters a−, a∗ and
a+ for the lowest two Efimov scattering features in recom-
bination and relaxation, obtained by averaging the results
from Ref. [217] that were calculated from different numbers
of diatomic states. From these results, we determine the
fundamental ratios, Θαβi,j in Eq. (139) and the corresponding
geometric-scaling factor for consecutive Efimov features. We
compare these ratios to the zero-range results for three identi-
cal bosons: epi/s0 ≈ 22.694384, θ+− ≈ −0.209914, θ∗− ≈ −0.046938
and θ∗+ ≈ 0.223604 [42, 121].
Three-body parameters Geometric scaling(i) (0) (1) (2) epi/s0 ×Θααi,i+1
a+,i/rvdW 1.4 27.7 — 19.8 (Θ++1,0 ≈ 0.87)
a−,i/rvdW −9.77 −163 — 16.7 (Θ−−1,0 ≈ 0.74)
a∗,i/rvdW — 3.33 159 47.8 (Θ∗∗2,1 ≈ 2.10)
Universal relations(i, j) (0,0) (0,1) (1,0) (1,1) (2,0) (2,1)
Θ+−i,j −0.143 −0.195 −0.125 −0.170 — —
Θ∗−i,j — — −0.015 −0.020 −0.032 −0.043
Θ∗+i,j — — 0.105 0.120 0.221 0.253
Understanding the nature of finite-range effects in the
universal relations obtained for features associated with
the low-lying Efimov states is of crucial importance, since
those are the features most likely accessible to experi-
ments. In fact, much progress has been recently achieved
[231–237]. A key point to be better understood is the
dependence of the three-body parameters on the width
of the Feshbach resonance [16], which is closely related
to the two-body effective range [121, 141, 238, 239].
In particular, the results from Table V and the zero-
range results in Eq. (138) are expected to be valid only
for broad resonances. For narrow, or even intermedi-
ate, resonances, strong modifications for the universal
ratios can be expected. A more comprehensive, and
perhaps more useful, discussion of the effects of the
width of the resonance can be found, for instance, in
Refs. [141, 222, 238, 239]. Here, our goal is to simply
emphasize the importance of this issue.
As we see here, in the adiabatic hyperspherical repre-
sentation, the origin of the universality of the three-body
parameter can be related to the existence of a repul-
sive barrier on the three-body potentials for R ≲ 2rvdW,
which prevents atoms from probing the details of the
interatomic interactions. In retrospect, the existence
of a three-body potential barrier had also been found
in other types of three-body systems. For example, in
Refs. [240, 241], it was shown that a similar repulsive
interaction exists for a system of three strongly inter-
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acting dipoles, leading to a universal three-body param-
eter. In this case, however, the range of the repulsive
three-body interaction was found to be controlled by the
dipole length, d`, characterizing the range of the interpar-
ticle interactions. As a consequence of the universality
in the problem, Ref. [240] found that the three-body pa-
rameters for three identical bosonic dipoles (a+, a−, and
a∗) depended on d`, instead rvdW. The key difference
here is that the dipole length can largely exceed rvdW
for strongly dipolar atomic and molecular species [242–
247], and, in the case of electronic dipolar interaction,
d` can actually be tuned. From the three-body perspec-
tive, a large value of d` (implying a stronger repulsive
barrier) not only leads to the universality of the three-
body parameters, but also implies long lifetimes for Efi-
mov states, which can make ultracold dipolar gases an
ideal system for exploring the Efimov effect, as shown
(Ref. [240]).
C. Four-boson universality
The idea of extending the Efimov effect to four or more
identical bosons was pursued almost immediately after
Efimov’s original prediction [248]. Considering that a
true N -body Efimov effect would consist of an N -body
system possessing an infinity of bound states when an(N −1)-body bound state formed at the N -body breakup
threshold, while still no other bound subsystem would
exist, Amado and Greenwood [248] found that the Efi-
mov effect for four or more identical bosons was not pos-
sible. The absence of an Efimov effect for four identi-
cal bosons, however, does not preclude the existence of
other Efimov-related states or other universal phenomena
in such systems. In fact, much has been learned in re-
cent years about the universal aspects of four boson sys-
tems, both theoretically [192, 249–269] and experimen-
tally [45, 48, 49, 54, 56, 61]. For a more comprehensive
review on the theoretical and experimental progress on
the four-boson problem see Ref. [112].
The pioneering work of Platter, Hammer and Meißner
[249] (see also Ref. [250]) found that four-boson systems
can support weakly bound states that have an intrinsic
connection to Efimov states. In particular, two weakly
bound four-body states whose energies were a multiple
of the energy of the lowest Efimov state at a = ±∞ were
found, and that the same relationship should also per-
sist for excited Efimov trimer states, with each of them
having an associated pair of tetramer states [249, 250].
Since the energies of the tetramer states depend only on
the energy of the Efimov trimers, these studies brought
in the notion that the four-body parameters should also
depend on the three-body physics alone, without the
need of any additional parameter associated with the
short-range, nonuniversal aspect of the interatomic in-
teractions. Although there was some initial controversy
[251], today the relationship between the energy of the
ground and excited tetramers with the energies of the
Efimov trimers has been largely verified [252–256, 259–
263], in agreement with Ref. [249, 250], including for the
tetramers associated with excited Efimov states. This
relationship can be conveniently expressed by
E
(i,j)
4b = cjE(i)3b ,= cjE(0)3b /(e2pi/s0)i, (140)
where j = 1 and 2 and E(n)3b is the energy of the nth Efimov
trimer at a = ±∞. The constants in Eq. (140) were found
to be c1 = 5.0 and c2 = 1.01 from Ref. [250], c1 = 5.008
in Ref. [252], and c1 = 4.58 and c2 = 1.01 in Ref. [253].
Such constants were later refined through more numeri-
cally accurate calculations in Ref. [254] to be c1 = 4.6108
and c2 = 1.00228 for states in which finite-range effects
are negligible, i.e., for four-boson states associated with
highly excited Efimov states. Note that these values
should also be compared with the ones from more re-
cent calculations in Refs. [255, 256, 259–261]. Note also
that the small numerical discrepancy between these re-
sults can be understood in terms of different finite-range
corrections, and are present in all calculations described
here.
FIG. 21. Effective four-boson potentials for ∣a∣ =∞, converg-
ing at large R to the atom-trimer thresholds, E3b. Horizontal
solid black lines represent the energy of the two four-boson
states associated to each trimer. Results from Ref. [253].
The origin of the universality of the four-boson ener-
gies [expressed through their relationship with the en-
ergies of Efimov trimers in Eq. (140)] was explained in
Ref. [253] and further extended for other four-boson scat-
tering observables [192, 253, 261, 264–269]. Within the
adiabatic hyperspherical representation in Ref. [253], the
four-body potentials displayed a repulsive barrier for val-
ues of the hyperradius R that were comparable with the
size of the Efimov states. The four-boson hyperspheri-
cal potentials are shown in Fig. 21 for ∣a∣ = ∞. In this
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case, the lowest hyperspherical potential supports the
lowest two four-boson states and converges asymptoti-
cally (R →∞) to the energy of the lowest Efimov trimer.
The other potentials support the four-boson states as-
sociated with the excited Efimov trimers, as indicated.
The location of the minimum of each potential and the
barrier at shorter distances scale with the size of the re-
spective Efimov trimer, κ−1. As a result, since the size
of the Efimov states is larger compared to the range of
the two-body interactions, r0, the repulsive barrier pre-
vents atoms from approaching short distances to probe
the nonuniversal details of the interactions. This result
is similar to what was found on the three-body level (see
Section VI B), although it was identified a few years be-
fore [253].
FIG. 22. General structure of four-boson states and their
relation to Efimov states and corresponding three-body pa-
rameters a+, a− and a∗ (Fig. 18). For each Efimov state
(dashed-green curves), there exist two universal four-boson
states (solid back curves). Different families of four-boson
states are related by the Efimov geometric factor, epi/s0 . For
a < 0, such states are formed in the collision threshold for
four free atoms, while for a > 0 these states merge into the
dimer-dimer threshold. A more detailed description of the
four-boson energy spectrum (including states not shown in
this figure) is given in Fig. 23 and the corresponding discus-
sion in the text.
The general structure of four-boson states and their
relation to Efimov states is shown in Fig. 22, along with
the corresponding three-body parameters a+, a− and a∗
(see also Fig. 18). Note that, now, on the four-body
level, Efimov states appear as an atom-trimer threshold
(B∗3 + B), while dimers appear forming the atom-atom-
dimer (B∗2 +B+B) and dimer-dimer (B∗2 +B∗2 ) thresholds.
For a < 0, four-boson states are formed in the collision
threshold for four free atoms (B +B +B +B), while for
a > 0 these states merge into the dimer-dimer threshold.
(A more detailed description of the four-boson energy
spectrum (including states not shown in Fig. 22) is given
below and illustrated in Fig. 23). As shown in Fig. 22, for
each Efimov state (dashed-green curves), there exist two
universal four-boson states (solid back curves). Although
a four-boson Efimov effect does not exist, one can see that
different families of four-boson states are related to each
other by the Efimov geometric factor, epi/s0 , thus defining
their connection to the Efimov effect.
Evidently, the same universality that leads to the
relationship between four-boson and Efimov energies
[Eq. (140)] is also reflected in four-boson scattering ob-
servables. This universality allows for the determination
of various (universal) relations between different three-
and four-body parameters, in the same spirit as those
derived for three bodies (see Section VI B). Such univer-
sal relations can be visualized and understood from the
four-body energy spectrum. In Fig. 23 we singled out a
single family of four-boson states and the corresponding
three-body parameters (a+, a− and a∗) to better analyze
the relevant scattering observables associated with four-
body scattering. This structure, evidently, repeats for
all families of four-boson states, rescaled by the geomet-
ric factor epi/s0 .
In region (I) of the four-boson energy spectrum in
Fig. 23, where a < 0, the four-boson states are mani-
fested as resonances in four-body recombination, i.e., the
collision process involving four free atoms, B +B +B +B
[264]. The values of a in which such resonances occur,
namely a4b−,j (j = 1 and 2), are universally connected to
the value a = a− in which the trimer becomes bound [see
region (I) in Fig. 23]. In Ref. [253] this relationship was
found to be
a4b−,1 ≈ 0.43a− and a4b−,2 ≈ 0.90a−, (141)
and later refined in Ref. [265] to a4b−,1 ≈ 0.4254a− and
a4b−,2 ≈ 0.9125a−. Note that an earlier work (Ref. [252])
also calculated a4b−,1 associated with the lowest tetramer,
obtaining a4b−,1 ≈ 0.49a− (see also Ref. [261]). Such res-
onances, associated with the ground Efimov state, have
been observed experimentally in ultracold quantum gases
[45, 48, 54, 56, 61] and represent a milestone in the stud-
ies of universal properties of few-body systems. [Note,
however, that 39K features originally labeled as tetramers
[54] are currently being reassigned to trimer resonances.]
In contrast, the other four-boson scattering features il-
lustrated in Fig. 23 remain unverified experimentally and,
in some cases, not even theoretically identified. Such is
the case for four-body recombination for a > 0, where
interference effects presumably could lead to specific fea-
tures for specific values of a = a4b+ . In region (II), for
a > 0, resonant features associated with the two four-
boson states have been predicted [192] for dimer-dimer
collisions, B∗2 +B∗2 , for values of a expressed in terms of
the three-body atom-dimer resonance, a∗,
a∗dd,1 ≈ 2.37a∗ and a∗dd,2 ≈ 6.60a∗. (142)
Such values were further refined by calculating them in
the limit in which finite-range effects are negligible, in
Ref. [267]: a∗dd,1 ≈ 2.1962a∗ and a∗dd,2 ≈ 6.7854a∗.
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The region (III) of Fig. 23 illustrates the regime in
which rearrangement reactions capable of producing Efi-
mov states, B∗2 +B∗2 → B∗3 +B, should take place. This
reaction was predicted in Ref. [192] to occur for a > acdd,
where
acdd = 6.73a∗, (143)
with great efficiency, thus providing an exciting possi-
bility of forming Efimov states. Such a rearrangement
reaction can also, in part, explain some of the experi-
mental data in Ref. [270] (see Ref. [192]). The value for
acdd in Eq. (143) is comparable to a
c
dd ≈ 6.789a∗ from
Ref. [267]. In the region (IV), near the atom-dimer res-
onance (i.e., when a = a∗, and aad = ±∞), an infinity of
four-boson states are formed where a weakly bound dimer
binds with two other atoms, B∗2BB, in close analogy to
the three-body Efimov states with one of the bodies hav-
ing twice the mass of the other two [42, 192]. Many of
the four-boson scattering properties in this region resem-
ble those from the three-body problem. Such four-boson
states, whose geometric scaling is epi/s0 ≈ 2.01649 × 105
(s0 ≈ 0.25721) were studied in Ref. [266]. There, it was
found that four-boson states cause resonant enhancement
in atom-trimer, B∗3 + B, collisions (aad > 0) and atom-
atom-dimer, B∗2 +B+B, collisions (aad < 0), for values of
a given by
a∗at ≈ 1.608a∗ and 0.9999a∗ < a4bd− < a∗, (144)
respectively, in analogy to the a∗ (a > 0) and a− (a <
0) three-body parameters. Although, interference effects
can be expected for atom-atom-dimer collisions (aad > 0)
for values of a = a4bd+, currently there are no predictions
for such a four-body parameter.
Similarly, in the region (V), other atom-trimer reso-
nances can also occur [268]. Such a case was studied
in Ref. [269] where resonant effects in atom-trimer colli-
sions occurred because of the unbinding and subsequent
binding of the excited four-boson state at the values
a˜∗at(l) ≈ 93.128a∗ and a˜∗at(r) ≈ 6.8002a∗. (145)
In Ref. [266], however, it was noticed that such atom-
trimer resonances occur only for the excited families of
four-body states. For the lowest family of four-boson
states, the excited tetramer always remained below the
atom-trimer threshold, most likely due to the existence
of the variational principle that prevents the energy of
the bound state of a N -body system from exceeding that
of the ground state of the N −1 system [229, 230]. These
results are consistent with the analysis of the numerical
calculations performed in Refs. [192, 253].
With the universal relations for the four-body param-
eters presented in Eqs. (141)-(145) one can derive other
relations with respect to the other three-body parameters
a− and a+ (see Section VI A). Such relations can pro-
vide various ways to identify universal features in four-
boson scattering. There are also other systems in which
(Efimov-like states)
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FIG. 23. Schematic representation of the four-boson ener-
gies associated with a single Efimov state as a function of
r0/a, indicating the four-body parameters relevant for scat-
tering observables and their corresponding three-body pa-
rameters (a+, a− and a∗). In region (I), a < 0, tetramer
states are manifested as resonances in four-body recombina-
tion, B+B+B+B (see a4b− in the figure), while in region (II),
a > 0, tetramer states lead to resonances in dimer-dimer scat-
tering, B∗2+B∗2 (a∗dd). In region (III) the manifestation of four-
boson physics is through the enhancement of rearrangement
reactions, B∗2 +B∗2 → B∗3 +B (acdd), allowing for the formation
of Efimov trimers. In region (IV), i.e., near an atom-dimer
resonance (a∗), an infinity of Efimov-like states can be formed
(see lower panel) leading to various scattering features simi-
lar to those found for three-bodies, but now for atom-trimer,
B∗3 +B (a∗at), and atom-atom-dimer, B∗2 +B+B (a4bd+ and a4bd−),
collisions. In region (V), four-bosons states are manifested as
atom-trimer resonances (a˜∗at) because of the unbinding of the
excited tetramer state.
the notion of universality has been explored such as het-
eronuclear four-body systems [215, 271–275] and systems
with more than four atoms. For a more comprehensive
review on the theoretical and experimental progress on
the four-boson problem, see Ref. [112]. In many cases,
the adiabatic hyperspherical representation has proved to
be instrumental, offering a simple and conceptually clear
physical picture of the problem. The increase of complex-
ity, however, demands novel numerical and/or analytical
tools to be developed.
VII. SUMMARY AND ACKNOWLEDGMENTS
We provided a general discussion on the importance
of Efimov physics for ultracold quantum gases in the
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strongly interacting regime. The richness of few-body
systems along with the experimental ability to control
and probe the associated universal phenomena make ul-
tracold few-body systems a dynamic field of research with
much still to be explored. From the theoretical view-
point, we present an analysis of the few-body universal
phenomena from the adiabatic hyperspherical represen-
tation perspective. By using a zero-range potential model
for the interatomic interactions, the convenience of the
hyperspherical representation allowed us to discuss gen-
eral properties Efimov physics, including its influence in
allowing for a general classification of three-body systems
and their bound and scattering properties. In fact, one
of the major strengths of the adiabatic hyperspherical
representation is that it provides a simple and concep-
tually clear physical picture of the few-body problem,
while still offering numerically exact solutions. Using a
simple pathway analysis, we showed that the energy and
scattering length dependence for all scattering observ-
ables can be obtained and related to Efimov physics in an
elegant way. From this analysis we also provided a gen-
eral discussion of atomic and molecular losses in ultracold
gases, highlighting the importance of finite-range correc-
tions as well as finite temperatures effects. We conclude
this manuscript with a discussion on universal proper-
ties of few-body systems and the origin of the universal
behavior in both three- and four-body systems.
We gratefully acknowledge many years of stimulating
and substantive discussions with our many collaborators
(Brett D. Esry and Chris H. Greene, in particular) as
well as with others in the field. We appreciate various
discussions with Victor E. Colussi and Julie Phillips, who
guided us toward a better presentation and elaboration of
certain parts of the present material, H.-W. Hammer for
sharing his data presented in figures in the text and Pas-
cal Naidon for stimulating discussions. We acknowledge
partial support from the U.S. National Science Founda-
tion (NSF), Grant PHY-1607204, and by the National
Aeronautics and Space Administration (NASA).
[1] R. J. Fletcher, A. L. Gaunt, N. Navon, R. P. Smith, and
Z. Hadzibabic, “Stability of a unitary bose gas,” Phys.
Rev. Lett., vol. 111, p. 125303, 2013.
[2] B. S. Rem, A. T. Grier, I. Ferrier-Barbut, U. Eismann,
T. Langen, N. Navon, L. Khaykovich, F. Werner, D. S.
Petrov, F. Chevy, and C. Salomon, “Lifetime of the
bose gas with resonant interactions,” Phys. Rev. Lett.,
vol. 110, p. 163202, 2013.
[3] P. Makotyn, C. E. Klauss, D. L. Goldberger, E. A. Cor-
nell, and J. D. S., “Universal dynamics of a degenerate
unitary bose gas,” Nature Phys., vol. 10, p. 116, 2014.
[4] U. Eismann, L. Khaykovich, S. Laurent, I. Ferrier-
Barbut, B. S. Rem, A. T. Grier, M. Delehaye, F. Chevy,
C. Salomon, L.-C. Ha, and C. Chin, “Universal loss dy-
namics in a unitary bose gas,” Phys. Rev. X, vol. 6,
p. 021025, 2016.
[5] R. J. Fletcher, R. Lopes, J. Man, N. Navon, R. P.
Smith, M. W. Zwierlein, and Z. Hadzibabic, “Two and
three-body contacts in the unitary bose gas,” Science,
vol. 355, p. 377, 2017.
[6] A. G. Sykes, J. P. Corson, J. P. D’Incao, A. P. Koller,
C. H. Greene, A. M. Rey, K. R. A. Hazzard, and J. L.
Bohn, “Quenching to unitarity: Quantum dynamics in
a three-dimensional bose gas,” Phys. Rev. A, vol. 89,
p. 021601, 2014.
[7] S. Laurent, X. Leyronas, and F. Chevy, “Momentum
distribution of a dilute unitary bose gas with three-body
losses,” Phys. Rev. Lett., vol. 113, p. 220601, 2014.
[8] D. H. Smith, E. Braaten, D. Kang, and L. Platter,
“Two-body and three-body contacts for identical bosons
near unitarity,” Phys. Rev. Lett., vol. 112, p. 110402,
2014.
[9] S. Piatecki and W. Krauth, “Efimov-driven phase tran-
sitions of the unitary bose gas,” Nat. Comm, vol. 5,
p. 3503, 2014.
[10] M. Barth and J. Hofmann, “Efimov correlations in
strongly interacting bose gases,” Phys. Rev. A, vol. 92,
p. 062716, 2015.
[11] J. P. Corson and J. L. Bohn, “Bound-state signatures
in quenched bose-einstein condensates,” Phys. Rev. A,
vol. 91, p. 013616, Jan 2015.
[12] S.-J. Jiang, J. Maki, and F. Zhou, “Long-lived universal
resonant bose gases,” Phys. Rev. A, vol. 93, p. 043605,
2016.
[13] F. Chevy and C. Salomon, “Strongly correlated bose
gases,” J. Phys. B, vol. 49, p. 192001, 2016.
[14] Y. Ding and C. H. Greene, “Renormalized contact in-
teraction in degenerate unitary bose gases,” Phys. Rev.
A, vol. 95, p. 053602, May 2017.
[15] V. E. Colussi, J. P. Corson, and J. P. D’Incao, “Dynam-
ics of the three-body contact in quenched unitary Bose
gases,” arXiv:1710.10580, 2017.
[16] C. Chin, R. Grimm, P. Julienne, and E. Tiesinga, “Fes-
hbach resonances in ultracold gases,” Rev. Mod. Phys.,
vol. 82, pp. 1225–1286, 2010.
[17] F. Dalfovo, S. Giorgini, L. P. Pitaevskii, and
S. Stringari, “Theory of Bose-Einstein condensation in
trapped gases,” Rev. Mod. Phys., vol. 71, pp. 463–512,
1999.
[18] S. Stringari and L. Pitaevskii, Bose-Einstein condensa-
tion. Oxford University Press, London, 2003.
[19] C. J. Pethick and H. Smith, Bose-Einstein condensation
in dilute gases. Cambridge University Press, 2008.
[20] S. Giorgini, L. P. Pitaevskii, and S. Stringari, “Theory of
ultracold atomic Fermi gases,” Rev. Mod. Phys., vol. 80,
pp. 1215–1274, 2008.
[21] I. Bloch, J. Dalibard, and W. Zwerger, “Many-body
physics with ultracold gases,” Rev. Mod. Phys., vol. 80,
pp. 885–964, 2008.
[22] M. H. Anderson, J. R. Ensher, M. R. Matthews, C. E.
Wieman, and E. A. Cornell, “Observation of Bose-
Einstein condensation in dilute atomic vapor,” Science,
vol. 269, pp. 198–201, 1995.
[23] K. B. Davis, M. O. Mewes, M. R. Andrews, N. J. van
Druten, D. S. Durfee, D. M. Kurn, and W. Ketterle,
“Bose-Einstein condensation in a gas of sodium atoms,”
47
Phys. Rev. Lett., vol. 75, pp. 3969–3973, 1995.
[24] C. C. Bradley, C. A. Sacket, and R. G. Hulet, “Bose-
Einstein condensation of lithium: Observation of lim-
ited condensate number,” Phys. Rev. Lett., vol. 78,
pp. 985–989, 1997.
[25] E. A. Burt, R. W. Ghrist, C. J. Myatt, M. J. Hol-
land, E. A. Cornell, and C. E. Wieman, “Coherence,
correlations, and collisions: What one learns about
Bose-Einstein condensates from their decay,” Phys. Rev.
Lett., vol. 79, pp. 337–340, 1997.
[26] S. Inouye, M. Andrews, J. Stenger, H. Miesner,
D. Stamper-Kurn, and W. Ketterle, “Observation of
Feshbach resonances in a Bose–Einstein condensate,”
Nature, vol. 392, pp. 151–154, 1998.
[27] P. Courteille, R. S. Freeland, D. J. Heinzen, F. A. van
Abeelen, and B. J. Verhaar, “Observation of a Feshbach
resonance in cold atom scattering,” Phys. Rev. Lett.,
vol. 81, pp. 69–72, 1998.
[28] J. Stenger, S. Inouye, M. R. Andrews, H.-J. Miesner,
D. M. Stamper-Kurn, and W. Ketterle, “Strongly en-
hanced inelastic collisions in a Bose-Einstein condensate
near Feshbach resonances,” Phys. Rev. Lett., vol. 82,
pp. 2422–2425, 1999.
[29] J. Roberts, N. Claussen, S. Cornish, and C. Wieman,
“Magnetic field dependence of ultracold inelastic col-
lisions near a Feshbach resonance,” Phys. Rev. Lett.,
vol. 85, pp. 728–731, 2000.
[30] A. Marte, T. Volz, J. Schuster, S. Du¨rr, G. Rempe,
E. G. M. van Kempen, and B. J. Verhaar, “Feshbach
resonances in rubidium 87: Precision measurement and
analysis,” Phys. Rev. Lett., vol. 89, p. 283202, 2002.
[31] T. Weber, J. Herbig, M. Mark, H.-C. Na¨gerl, and
R. Grimm, “Bose-Einstein condensation of cesium,”
Science, vol. 299, pp. 232–235, 2003.
[32] T. Weber, J. Herbig, M. Mark, H. Nagerl, and
R. Grimm, “Three-body recombination at large scat-
tering lengths in an ultracold atomic gas,” Phys. Rev.
Lett., vol. 91, p. 123201, 2003.
[33] B. D. Esry, C. H. Greene, Y. Zhou, and C. D. Lin,
“Role of the scattering length in three-boson dynamics
and Bose-Einstein condensation,” J. Phys. B, vol. 29,
pp. L51–L57, 1996.
[34] B. D. Esry, C. H. Greene, and J. P. Burke, “Recombi-
nation of three atoms in the ultracold limit,” Phys. Rev.
Lett., vol. 83, pp. 1751–1754, 1999.
[35] E. Nielsen and J. H. Macek, “Low-energy recombination
of identical bosons by three-body collisions,” Phys. Rev.
Lett., vol. 83, pp. 1566–1569, 1999.
[36] P. Bedaque, E. Braaten, and H. Hammer, “Three-
body recombination in Bose gases with large scattering
length,” Phys. Rev. Lett., vol. 85, pp. 908–911, 2000.
[37] E. Braaten and H. Hammer, “Three-body recombina-
tion into deep bound states in a Bose gas with large
scattering length,” Phys. Rev. Lett., vol. 87, p. 160407,
2001.
[38] V. Efimov, “Energy levels arising from resonant two-
body forces in a three-body system,” Phys. Lett. B,
vol. 33, pp. 563–564, 1970.
[39] V. Efimov, “Weakly-bound states of three resonantly-
interacting particles,” Sov. J. Nuc. Phys., vol. 12,
pp. 589–595, 1971.
[40] V. Efimov, “Level spectrum of 3 resonantly interacting
particles,” JETP Lett., vol. 16, pp. 34–&, 1972.
[41] V. Efimov, “Energy levels of three resonantly interact-
ing particles,” Nucl. Phys. A, vol. 210, p. 157, 1973.
[42] E. Braaten and H. W. Hammer, “Universality in few-
body systems with large scattering length,” Phys. Rep.,
vol. 428, pp. 259–390, 2006.
[43] T. Kraemer, M. Mark, P. Waldburger, J. Danzl,
C. Chin, B. Engeser, A. Lange, K. Pilch, A. Jaakkola,
H. Nagerl, and R. Grimm, “Evidence for Efimov quan-
tum states in an ultracold gas of caesium atoms,” Na-
ture, vol. 440, pp. 315–318, 2006.
[44] S. Knoop, F. Ferlaino, M. Mark, M. Berninger,
H. Schoebel, H. C. Naegerl, and R. Grimm, “Obser-
vation of an Efimov-like trimer resonance in ultracold
atom-dimer scattering,” Nature Phys., vol. 5, pp. 227–
230, 2009.
[45] F. Ferlaino, S. Knoop, M. Berninger, W. Harm, J. P.
D’Incao, H. C. Naegerl, and R. Grimm, “Evidence for
universal four-body states tied to an Efimov trimer,”
Phys. Rev. Lett., vol. 102, p. 140401, 2009.
[46] S. Knoop, F. Ferlaino, M. Berninger, M. Mark, H.-C.
Naegerl, R. Grimm, J. P. D’Incao, and B. D. Esry,
“Magnetically controlled exchange process in an ultra-
cold atom-dimer mixture,” Phys. Rev. Lett., vol. 104,
p. 053201, 2010.
[47] M. Berninger, A. Zenesini, B. Huang, W. Harm, H.-C.
Na¨gerl, F. Ferlaino, R. Grimm, P. S. Julienne, and J. M.
Hutson, “Universality of the three-body parameter for
Efimov states in ultracold cesium,” Phys. Rev. Lett.,
vol. 107, p. 120401, 2011.
[48] F. Ferlaino, A. Zenesini, M. Berninger, B. Huang, H.-C.
Na¨gerl, and R. Grimm, “Efimov resonances in ultracold
quantum gases,” Few-Body Sys., vol. 51, pp. 113–133,
2011.
[49] A. Zenesini, B. Huang, M. Berninger, S. Besler, H.-C.
Na¨gerl, F. Ferlaino, R. Grimm, C. H. Greene, and J. von
Stecher, “Resonant five-body recombination in an ultra-
cold gas,” New J. Phys., vol. 15, p. 043040, 2013.
[50] A. Zenesini, B. Huang, M. Berninger, S. Besler, H.-C.
Na¨gerl, F. Ferlaino, R. Grimm, C. H. Greene, and J. von
Stecher, “Resonant five-body recombination in an ul-
tracold gas of bosonic atoms,” New J. Phys., vol. 15,
p. 043040, 2013.
[51] A. Zenesini, B. Huang, M. Berninger, H.-C. Na¨gerl,
F. Ferlaino, and R. Grimm, “Resonant atom-dimer col-
lisions in cesium: Testing universality at positive scat-
tering lengths,” Phys. Rev. A, vol. 90, p. 022704, 2014.
[52] B. Huang, L. A. Sidorenkov, R. Grimm, and J. M. Hut-
son, “Observation of the second triatomic resonance in
efimov’s scenario,” Phys. Rev. Lett., vol. 112, p. 190401,
2014.
[53] B. Huang, L. A. Sidorenkov, and R. Grimm, “Finite-
temperature effects on a triatomic efimov resonance in
ultracold cesium,” Phys. Rev. A, vol. 91, p. 063622,
2015.
[54] M. Zaccanti, B. Deissler, C. D’Errico, M. Fattori,
M. Jona-Lasinio, S. Mueller, G. Roati, M. Inguscio, and
G. Modugno, “Observation of an Efimov spectrum in
an atomic system,” Nature Phys., vol. 5, pp. 586–591,
2009.
[55] S. Roy, M. Landini, A. Trenkwalder, G. Semeghini,
G. Spagnolli, A. Simoni, M. Fattori, M. Inguscio, and
G. Modugno, “Test of the universality of the three-body
efimov parameter at narrow feshbach resonances,” Phys.
Rev. Lett., vol. 111, p. 053202, 2013.
[56] S. E. Pollack, D. Dries, and R. G. Hulet, “Universality in
48
three- and four-body bound states of ultracold atoms,”
Science, vol. 326, pp. 1683–1686, 2009.
[57] N. Gross, Z. Shotan, S. Kokkelmans, and
L. Khaykovich, “Observation of universality in ul-
tracold 7Li three-body recombination,” Phys. Rev.
Lett., vol. 103, p. 163202, 2009.
[58] N. Gross, Z. Shotan, S. Kokkelmans, and
L. Khaykovich, “Nuclear-spin-independent short-
range three-body physics in ultracold atoms,” Phys.
Rev. Lett., vol. 105, p. 103203, 2010.
[59] N. Gross, Z. Shotan, O. Machtey, S. Kokkelmans, and
L. Khaykovich, “Study of Efimov physics in two nuclear-
spin sublevels of 7Li,” Comp. Rend. Phys., vol. 12, pp. 4
– 12, 2011.
[60] O. Machtey, Z. Shotan, N. Gross, and L. Khaykovich,
“Association of Efimov trimers from a three-atom con-
tinuum,” Phys. Rev. Lett., vol. 108, p. 210406, 2012.
[61] P. Dyke, S. E. Pollack, and R. G. Hulet, “Finite-range
corrections near a feshbach resonance and their role in
the efimov effect,” Phys. Rev. A, vol. 88, p. 023625,
2013.
[62] T. B. Ottenstein, T. Lompe, M. Kohnen, A. N.
Wenz, and S. Jochim, “Collisional stability of a three-
component degenerate Fermi gas,” Phys. Rev. Lett.,
vol. 101, p. 203202, 2008.
[63] J. H. Huckans, J. R. Williams, E. L. Hazlett, R. W.
Stites, and K. M. O’Hara, “Three-body recombination
in a three-state Fermi gas with widely tunable interac-
tions,” Phys. Rev. Lett., vol. 102, p. 165302, 2009.
[64] J. R. Williams, E. L. Hazlett, J. H. Huckans, R. W.
Stites, Y. Zhang, and K. M. O’Hara, “Evidence for an
excited-state Efimov trimer in a three-component Fermi
gas,” Phys. Rev. Lett., vol. 103, p. 130404, 2009.
[65] T. Lompe, T. B. Ottenstein, F. Serwane, K. Viering,
A. N. Wenz, G. Zu¨rn, and S. Jochim, “Atom-dimer scat-
tering in a three-component fermi gas,” Phys. Rev. Lett.,
vol. 105, p. 103201, 2010.
[66] T. Lompe, T. B. Ottenstein, F. Serwane, A. N. Wenz,
G. Zuern, and S. Jochim, “Radio-frequency association
of Efimov trimers,” Science, vol. 330, pp. 940–944, 2010.
[67] S. Nakajima, M. Horikoshi, T. Mukaiyama, P. Naidon,
and M. Ueda, “Nonuniversal Efimov atom-dimer res-
onances in a three-component mixture of Li-6,” Phys.
Rev. Lett., vol. 105, p. 023201, 2010.
[68] S. Nakajima, M. Horikoshi, T. Mukaiyama, P. Naidon,
and M. Ueda, “Measurement of an efimov trimer bind-
ing energy in a three-component mixture of 6Li,” Phys.
Rev. Lett., vol. 106, p. 143201, 2011.
[69] B. Huang, K. M. O’Hara, R. Grimm, J. M. Hutson, and
D. S. Petrov, “Three-body parameter for efimov states
in 6Li,” Phys. Rev. A, vol. 90, p. 043636, 2014.
[70] R. J. Wild, P. Makotyn, J. M. Pino, E. A. Cornell, and
D. S. Jin, “Measurements of Tan’s contact in an atomic
Bose-Einstein condensate,” Phys. Rev. Lett., vol. 108,
p. 145305, 2012.
[71] C. E. Klauss, X. Xie, C. Lopez-Abadia, J. P. D’Incao,
Z. Hadzibabic, D. S. Jin, and E. A. Cornell, “Observa-
tion of efimov molecules created from a resonantly inter-
acting bose gas,” Phys. Rev. Lett., vol. 119, p. 143401,
2017.
[72] S. Knoop, J. S. Borbely, W. Vassen, and S. J. J. M. F.
Kokkelmans, “Universal three-body parameter in ultra-
cold 4He∗,” Phys. Rev. A, vol. 86, p. 062705, 2012.
[73] M. Kunitski, S. Zeller, J. Voigtsberger, A. Kalinin,
L. P. H. Schmidt, M. Scho¨ffler, A. Czasch,
W. Scho¨llkopf, R. E. Grisenti, T. Jahnke, D. Blume,
and R. Do¨rner, “Observation of the efimov state of the
helium trimer,” Science, vol. 348, pp. 551–555, 2015.
[74] G. Barontini, C. Weber, F. Rabatti, J. Catani, G. Thal-
hammer, M. Inguscio, and F. Minardi, “Observation of
heteronuclear atomic Efimov resonances,” Phys. Rev.
Lett., vol. 103, p. 043201, 2009.
[75] R. S. Bloom, M.-G. Hu, T. D. Cumby, and D. S.
Jin, “Tests of universal three-body physics in an ul-
tracold bose-fermi mixture,” Phys. Rev. Lett., vol. 111,
p. 105301, 2013.
[76] R. Pires, J. Ulmanis, S. Ha¨fner, M. Repp, A. Arias,
E. D. Kuhnle, and M. Weidemu¨ller, “Observation of
efimov resonances in a mixture with extreme mass im-
balance,” Phys. Rev. Lett., vol. 112, p. 250404, 2014.
[77] S.-K. Tung, K. Jime´nez-Garc´ıa, J. Johansen, C. V.
Parker, and C. Chin, “Geometric scaling of efimov states
in a 6Li-133Cs mixture,” Phys. Rev. Lett., vol. 113,
p. 240402, 2014.
[78] J. Ulmanis, S. Ha¨fner, R. Pires, F. Werner, D. S. Petrov,
E. D. Kuhnle, and M. Weidemu¨ller, “Universal three-
body recombination and efimov resonances in an ultra-
cold li-cs mixture,” Phys. Rev. A, vol. 93, p. 022707,
2016.
[79] J. Ulmanis, S. Ha¨fner, R. Pires, E. D. Kuhnle, Y. Wang,
C. H. H. Greene, and M. Weidemu¨ller, “Heteronu-
clear efimov scenario with positive intraspecies scatter-
ing length,” Phys. Rev. Lett., vol. 117, p. 153201, 2016.
[80] J. Johansen, B. J. DeSalvo, K. Patel, and C. Chin,
“Testing universality of efimov physics across broad
and narrow feshbach resonances,” Nature Phys., vol. 13,
p. 731, 2017.
[81] R. A. W. Maier, M. Eisele, E. Tiemann, and C. Zimmer-
mann, “Efimov resonance and three-body parameter in
a lithium-rubidium mixture,” Phys. Rev. Lett., vol. 115,
p. 043201, 2015.
[82] M.-G. Hu, R. S. Bloom, D. S. Jin, and J. M. Goldwin,
“Avalanche-mechanism loss at an atom-molecule efimov
resonance,” Phys. Rev. A, vol. 90, p. 013619, 2014.
[83] L. J. Wacker, N. B. Jørgensen, D. Birkmose, N. Win-
ter, M. Mikkelsen, J. Sherson, N. Zinner, and J. J.
Arlt, “Universal three-body physics in ultracold krb
mixtures,” Phys. Rev. Lett., vol. 117, p. 163201, 2016.
[84] J. P. D’Incao and B. D. Esry, “Scattering length scal-
ing laws for ultracold three-body collisions,” Phys. Rev.
Lett., vol. 94, p. 213201, 2005.
[85] J. P. D’Incao and B. D. Esry, “Mass dependence of
ultracold three-body collision rates,” Phys. Rev. A,
vol. 73, p. 030702, 2006.
[86] J. P. D’Incao and B. D. Esry, “Suppression of molecular
decay in ultracold gases without Fermi statistics,” Phys.
Rev. Lett., vol. 100, p. 163201, 2008.
[87] D. S. Petrov, C. Salomon, and G. V. Shlyapnikov,
“Weakly bound dimers of Fermionic atoms,” Phys. Rev.
Lett., vol. 93, p. 090404, 2004.
[88] M. Greiner, C. A. Regal, and D. S. Jin, “Emergence of a
molecular Bose-Einstein condensate from a Fermi gas,”
Nature, vol. 412, pp. 537–540, 2003.
[89] S. Jochim, M. Bartenstein, A. Altmeyer, G. Hendl,
S. Riedl, C. Chin, J. Hecker Denschlag, and R. Grimm,
“Bose-Einstein condensation of molecules,” Science,
vol. 302, pp. 2101–2104, 2003.
[90] J. Cubizolles, T. Bourdel, S. J. J. M. F. Kokkelmans,
49
G. V. Shlyapnikov, and C. Salomon, “Production of
long-lived ultracold Li2 molecules from a Fermi gas,”
Phys. Rev. Lett., vol. 91, p. 240401, 2003.
[91] S. Jochim, M. Bartenstein, A. Altmeyer, G. Hendl,
C. Chin, J. H. Denschlag, and R. Grimm, “Pure gas
of optically trapped molecules created from Fermionic
atoms,” Phys. Rev. Lett., vol. 91, p. 240402, 2003.
[92] M. W. Zwierlein, C. A. Stan, C. H. Schunck, S. M. F.
Raupach, S. Gupta, Z. Hadzibabic, and W. Ket-
terle, “Observation of Bose-Einstein condensation of
molecules,” Phys. Rev. Lett., vol. 91, p. 250401, 2003.
[93] K. E. Strecker, G. B. Partridge, and R. G. Hulet, “Con-
version of an atomic Fermi gas to a long-lived molecular
Bose gas,” Phys. Rev. Lett., vol. 91, p. 080406, 2003.
[94] M. Bartenstein, A. Altmeyer, S. Riedl, S. Jochim,
C. Chin, J. Hecker Denschlag, and R. Grimm,
“Crossover from a molecular Bose-Einstein condensate
to a degenerate Fermi gas,” Phys. Rev. Lett., vol. 92,
p. 120401, 2004.
[95] C. A. Regal, M. Greiner, and D. S. Jin, “Lifetime of
molecule-atom mixtures near a Feshbach resonance in
40k,” Phys. Rev. Lett., vol. 92, p. 083201, 2004.
[96] T. Bourdel, L. Khaykovich, J. Cubizolles, J. Zhang,
F. Chevy, M. Teichmann, L. Tarreell, S. J. J. M. F.
Kokkelmans, and C. Salomon, “Experimental study of
the BEC-BCS crossover region in 6Li,” Phys. Rev. Lett.,
vol. 93, p. 050401, 2004.
[97] J. J. Zirbel, K. K. Ni, S. Ospelkaus, J. P. D’Incao,
C. E. Wieman, J. Ye, and D. S. Jin, “Collisional stabil-
ity of Fermionic Feshbach molecules,” Phys. Rev. Lett.,
vol. 100, p. 143201, 2008.
[98] F. M. Spiegelhalder, A. Trenkwalder, D. Naik, G. Hendl,
F. Schreck, and R. Grimm, “Collisional stability of 40K
immersed in a strongly interacting Fermi gas of 6Li,”
Phys. Rev. Lett., vol. 103, p. 223203, 2009.
[99] A. Y. Khramov, A. H. Hansen, A. O. Jamison, W. H.
Dowd, and S. Gupta, “Dynamics of Feshbach molecules
in an ultracold three-component mixture,” Phys. Rev.
A, vol. 86, p. 032705, 2012.
[100] C.-H. Wu, J. W. Park, P. Ahmadi, S. Will, and M. W.
Zwierlein, “Ultracold Fermionic Feshbach molecules of
23Na40K,” Phys. Rev. Lett., vol. 109, p. 085301, 2012.
[101] S. Laurent, M. Pierce, M. Delehaye, T. Yefsah,
F. Chevy, and C. Salomon, “Connecting few-body in-
elastic decay to quantum correlations in a many-body
system: A weakly coupled impurity in a resonant fermi
gas,” Phys. Rev. Lett., vol. 118, p. 103403, 2017.
[102] O. I. Kartavtsev and A. V. Malykh, “Low-energy three-
body dynamics in binary quantum gases,” J. Phys. B,
vol. 40, pp. 1429–1441, 2007.
[103] S. Endo, P. Naidon, and M. Ueda, “Universal physics of
2+1 particles with non-zero angular momentum,” Few-
Body Sys., vol. 51, pp. 207–217, 2011.
[104] S. Endo, P. Naidon, and M. Ueda, “Crossover trimers
connecting continuous and discrete scaling regimes,”
Phys. Rev. A, vol. 86, p. 062703, 2012.
[105] O. I. Kartavtsev and A. V. Malykh, “Recent advances in
description of few two-component fermions,” Yad. Fiz.,
vol. 77, p. 458, 2014.
[106] E. Nielsen, D. Fedorov, A. Jensen, and E. Garrido,
“The three-body problem with short-range interac-
tions,” Phys. Rep., vol. 347, pp. 373–459, 2001.
[107] A. Jensen, K. Riisager, D. Fedorov, and E. Garrido,
“Structure and reactions of quantum halos,” Rev. Mod.
Phys., vol. 76, pp. 215–261, 2004.
[108] E. Braaten and H. W. Hammer, “Efimov physics in cold
atoms,” Ann. Phys., vol. 322, pp. 120–163, 2007.
[109] H. Hammer and L. Platter, “Efimov states in nu-
clear and particle physics,” Annu. Rev. Nucl. Part. Sci,
vol. 60, p. 207, 2010.
[110] S. T. Rittenhouse, J. von Stecher, J. P. D’Incao, N. P.
Mehta, and C. H. Greene, “The hyperspherical four-
fermion problem,” J. Phys. B, vol. 44, p. 172001, 2011.
[111] D. Blume, “Few-body physics with ultracold atomic and
molecular systems in traps,” Rep. Prog. Phys., vol. 75,
p. 046401, 2012.
[112] Y. Wang, J. P. D’Incao, and B. D. Esry, “Ultracold few-
body systems,” Adv. At. Mol. Opt. Phys., vol. 62, p. 1,
2013.
[113] J. Mitroy, S. Bubin, W. Horiuchi, Y. Suzuki,
L. Adamowicz, W. Cencek, K. Szalewicz, J. Komasa,
D. Blume, and K. Varga, “Theory and application of ex-
plicitly correlated gaussians,” Rev. Mod. Phys., vol. 85,
pp. 693–749, 2013.
[114] Y. Wang, P. S. Julienne, and C. H. Greene, “Few-body
physics of ultracold atoms and molecules with long-
range interactions,” Annual Review of Cold Atoms and
Molecules, vol. 3, p. 77, 2015.
[115] P. Naidon and S. Endo, “Efimov physics: a review,”
Rep. Prog. Phys., vol. 80, p. 056001, 2017.
[116] C. H. Greene, P. Giannakeas, and J. Pe´rez-R´ıos, “Uni-
versal few-body physics and cluster formation,” Rev.
Mod. Phys., vol. 89, p. 035006, Aug 2017.
[117] J. P. D’Incao and B. D. Esry, “Ultracold three-body
collisions near overlapping Feshbach resonances,” Phys.
Rev. Lett., vol. 103, p. 083202, 2009.
[118] V. E. Colussi, C. H. H. Greene, and J. P. D’Incao,
“Three-body physics in strongly correlated spinor con-
densates,” Phys. Rev. Lett., vol. 113, p. 045302, 2014.
[119] V. E. Colussi, C. H. H. Greene, and J. P. D’Incao, “Uni-
versal few-body physics in resonantly interacting spinor
condensates,” J. Phys. B, vol. 49, p. 064012, 2016.
[120] M. V. Berry, “Semi-classical scattering phase shifts in
the presence of metastable states,” Proc. Phys. Soc.,
vol. 88, p. 285, 1966.
[121] A. O. Gogolin, C. Mora, and R. Egger, “Analytical so-
lution of the bosonic three-body problem,” Phys. Rev.
Lett., vol. 100, p. 140404, 2008.
[122] K. Helfrich, H. W. Hammer, and D. S. Petrov, “Three-
body problem in heteronuclear mixtures with reso-
nant interspecies interaction,” Phys. Rev. A, vol. 81,
p. 042715, 2010.
[123] K. Helfrich and H.-W. Hammer, “On the efimov effect
in higher partial waves,” J. Phys. B, vol. 44, p. 215301,
2011.
[124] J. Macek, “Properties of autoionizing states of He,” J.
Phys. B, vol. 1, p. 831, 1968.
[125] U. Fano, “Unified treatment of collisions,” Phys. Rev.
A, vol. 24, pp. 2402–2415, 1981.
[126] U. Fano, “Dynamics of electron excitation,” Phys. To-
day., vol. 29, p. 32, 1976.
[127] C. D. Lin, “Hyperspherical coordinate approach to
atomic and other coulombic three-body systems,” Phys.
Rep., vol. 257, pp. 1–83, 1995.
[128] L. M. Delves, “Tertiary and general-order collisions,”
Nucl. Phys., vol. 9, p. 391, 1959.
[129] L. M. Delves, “Tertiary and general-order collisions part
II,” Nucl. Phys., vol. 20, p. 275, 1960.
50
[130] F. T. Smith, “Generalized angular momentum in many-
body collisions,” Phys. Rev., vol. 120, pp. 1058–1069,
1960.
[131] R. C. Whitten and F. T. Smith, “Symmetric represen-
tation for three-body problems. II. motion in space,” J.
Math. Phys., vol. 9, pp. 1103–1113, 1968.
[132] B. R. Johnson, “On hyperspherical coordinates and
mapping the internal configurations of a three body sys-
tem,” J. Chem. Phys., vol. 73, p. 5051, 1980.
[133] B. Lepetit, Z. Peng, and A. Kuppermann, “Calcula-
tion of bound rovibrational states on the first electroni-
cally excited state of the h3 system,” Chem. Phys. Lett.,
vol. 166, pp. 572 – 573, 1990.
[134] B. K. Kendrick, R. T. Pack, R. B. Walker, and E. F.
Hayes, “Hyperspherical surface functions for nonzero
total angular momentum. I. Eckart singularities,” J.
Chem. Phys., vol. 110, pp. 6673–6693, 1999.
[135] H. Suno, B. D. Esry, C. H. Greene, and J. Burke,
“Three-body recombination of cold helium atoms,”
Phys. Rev. A, vol. 65, p. 042725, 2002.
[136] A. Kuppermann, “Reactive scattering with row-
orthonormal hyperspherical coordinates. 2. transforma-
tion properties and hamiltonian for tetraatomic sys-
tems,” J. Phys. Chem. A, vol. 101, pp. 6368–6383, 1997.
[137] V. Aquilanti and S. Cavalli, “The quantum-mechanical
hamiltonian for tetraatomic systems in symmetric hy-
perspherical coordinates,” J. Chem. Soc., Faraday
Transactions, vol. 93, pp. 801–809, 1997.
[138] B. Lepetit, D. Wang, and A. Kuppermann, “Numerical
generation of hyperspherical harmonics for tetra-atomic
systems,” J. Chem. Phys., vol. 125, p. 133505, 2006.
[139] J. Avery, Hyperspherical Harmonics: Applications in
Quantum Theory. Norwell, MA: Kluwer Academic Pub-
lishers, 1989.
[140] J. P. D’Incao, C. H. H. Greene, and B. D. Esry, “The
short-range three-body phase and other issues impact-
ing the observation of Efimov physics in ultracold quan-
tum gases,” J. Phys. B, vol. 42, p. 044016, 2009.
[141] D. Fedorov and A. Jensen, “Regularization of a three-
body problem with zero-range potentials,” J. Phys. A,
vol. 34, pp. 6003–6012, 2001.
[142] J. P. D’Incao and B. D. Esry, “Manifestations of the
Efimov effect for three identical bosons,” Phys. Rev. A,
vol. 72, p. 032710, 2005.
[143] J. Wang, J. P. D’Incao, and C. H. Greene, “Numeri-
cal study of three-body recombination for systems with
many bound states,” Phys. Rev. A, vol. 84, p. 052721,
2011.
[144] E. Fermi, “Sopra lo spostamento per pressione delle
righe elevate delle serie spettrali,” Nuovo Cimento,
vol. 11, p. 157, 1934.
[145] K. Huang and T. D. Lee, “Quantum mechanical many-
body problem with hard sphere interaction,” Phys.
Rev., vol. 105, pp. 767–775, 1957.
[146] L. D. Faddeev, “Scattering theory for a three particle
system,” Sov. Phys.-JETP, vol. 12, p. 1014, 1961.
[147] D. Fedorov and A. Jensen, “Efimov effect in coordi-
nate space faddeev-equations,” Phys. Rev. Lett., vol. 71,
pp. 4103–4106, 1993.
[148] G. Gasaneo and J. Macek, “Hyperspherical adiabatic
eigenvalues for zero-range potentials,” J. Phys. B,
vol. 35, pp. 2239–2250, 2002.
[149] S. T. Rittenhouse, N. P. Mehta, and C. H. H. Greene,
“Green’s functions and the adiabatic hyperspherical
method,” Phys. Rev. A, vol. 82, p. 022706, 2010.
[150] N. P. Mehta, S. T. Rittenhouse, J. P. D’Incao, and C. H.
Greene, “Efimov states embedded in the three-body
continuum,” Phys. Rev. A, vol. 78, p. 020701, 2008.
[151] J. P. D’Incao and B. D. Esry, “Enhancing the observ-
ability of the Efimov effect in ultracold atomic gas mix-
tures,” Phys. Rev. A, vol. 73, p. 030703, 2006.
[152] D. Petrov, “Three-body problem in Fermi gases with
short-range interparticle interaction,” Phys. Rev. A,
vol. 67, p. 010703, 2003.
[153] A. J. Moerdijk, H. M. J. M. Boesten, and B. J. Verhaar,
“Decay of trapped ultracold alkali atoms by recombina-
tion,” Phys. Rev. A, vol. 53, pp. 916–920, 1996.
[154] B. D. Esry, C. H. Greene, and H. Suno, “Threshold laws
for three-body recombination,” Phys. Rev. A, vol. 65,
p. 010705(R), 2002.
[155] Y. Wang, J. P. D’Incao, and B. D. Esry, “Cold
three-body collisions in hydrogen–hydrogen–alkali-
metal atomic systems,” Phys. Rev. A, vol. 83, p. 032703,
2011.
[156] J. Wolf, M. Deiß, A. Kru¨kow, E. Tiemann, B. P. Ruzic,
Y. Wang, J. P. D’Incao, P. S. Julienne, and J. H. Den-
schlag, “State-to-state chemistry at ultra-low tempera-
ture,” arXiv:1705.02892, 2017.
[157] J. P. D’Incao, H. Suno, and B. D. Esry, “Limits on uni-
versality in ultracold three-boson recombination,” Phys.
Rev. Lett., vol. 93, p. 123201, 2004.
[158] E. Nielsen, D. Fedorov, and A. Jensen, “Efimov states
in external fields,” Phys. Rev. Lett., vol. 82, pp. 2844–
2847, 1999.
[159] D. S. Petrov (Talk) “Three-boson problem near a nar-
row Feshbach resonance”. Workshop on Strongly Inter-
acting Quantum Gases, Ohio State University, April
2005.
[160] J. Macek, S. Ovchinnikov, and G. Gasaneo, “Exact so-
lution for three particles interacting via zero-range po-
tentials,” Phys. Rev. A, vol. 73, p. 032704, 2006.
[161] J. P. D’Incao, B. D. Esry, and C. H. H. Greene, “Ultra-
cold atom-molecule collisions with Fermionic atoms,”
Phys. Rev. A, vol. 77, p. 052709, 2008.
[162] E. Braaten and H. Hammer, “Enhanced dimer relax-
ation in an atomic and molecular Bose-Einstein con-
densate,” Phys. Rev. A, vol. 70, p. 042706, 2004.
[163] V. Efimov, “Low-energy properties of three resonantly
interacting particles,” Sov. J. Nuc. Phys., vol. 29,
p. 546, 1979.
[164] J. M. Hutson, “Feshbach resonances in the presence of
inelastic scattering: threshold behavior and suppression
of poles in scattering lengths,” New J. Phys., vol. 9,
p. 152, 2007.
[165] R. D. Amado and M. H. Rubin, “Low-energy expan-
sion for elastic three-body scattering,” Phys. Rev. Lett.,
vol. 25, pp. 194–197, 1970.
[166] E. Gerjuoy, “Configuration-space 3-body scattering the-
ory,” J. Phys. B, vol. 3, p. L92, 1970.
[167] S. K. Adhikari and R. D. Amado, “Low-temperature be-
havior of the quantum cluster coefficients,” Phys. Rev.
Lett., vol. 27, pp. 485–487, 1971.
[168] R. D. Amado, D. F. Freeman, and M. H. Rubin, “Ana-
lytic properties of three-body decay amplitudes,” Phys.
Rev. D, vol. 4, pp. 1032–1038, 1971.
[169] E. Gerjuoy, “Configuration space theory of truly 3-
body scattering rates,” Philos. Trans. B. Soc. Lond. A,
vol. 270, p. 197, 1971.
51
[170] W. G. Gibson, “Low-temperature expansion of the
third-cluster coefficient of a quantum gas,” Phys. Rev.
A, vol. 6, pp. 2469–2477, 1972.
[171] S. Adhikari, “Low-energy behavior of few-body
scattering-amplitudes,” Phys. Rev. D, vol. 8, pp. 1195–
1204, 1973.
[172] A. Matsuyama and K. Yazaki, “S-matrix pole trajectory
of the 3-body system,” Nucl. Phys. A, vol. 534, pp. 620–
636, 1991.
[173] R. G. Newton, “The asymptotic form of three-particle
wavefunctions and the cross sections,” Ann. Phys.,
vol. 74, p. 324, 1972.
[174] R. G. Newton, “The three-particle s matrix,” J. Math.
Phys., vol. 15, p. 338, 1974.
[175] R. G. Newton and R. Shtokhamer, “Finite total three-
particle scattering rates,” Phys. Rev. A, vol. 14, p. 642,
1976.
[176] V. S. Potapov and J. R. Taylor, “Three-particle scat-
tering rates and singularities of the t matrix. i.,” Phys.
Rev. A, vol. 16, p. 2264, 1977.
[177] V. S. Potapov and J. R. Taylor, “Three-particle scat-
tering rates and singularities of the t matrix. ii.,” Phys.
Rev. A, vol. 16, p. 2274, 1977.
[178] E. Braaten and A. Nieto, “Quantum corrections to the
energy density of a homogeneous bose gas,” Euro. Phys.
J. B, vol. 11, p. 143, 1999.
[179] E. Braaten, H. Hammer, and T. Mehen, “Dilute Bose-
Einstein condensate with large scattering length,” Phys.
Rev. Lett., vol. 88, p. 040401, 2002.
[180] T. Ko¨hler, “Three-body problem in a dilute Bose-
Einstein condensate,” Phys. Rev. Lett., vol. 89,
p. 210404, 2002.
[181] A. Bulgac, “Dilute quantum droplets,” Phys. Rev. Lett.,
vol. 89, p. 050402, 2002.
[182] P. Bedaque, A. Bulgac, and G. Rupak, “Quantum cor-
rections to dilute Bose liquids,” Phys. Rev. A, vol. 68,
p. 033606, 2003.
[183] S. Tan, “Three-boson problem at low energy and im-
plications for dilute Bose-Einstein condensates,” Phys.
Rev. A, vol. 78, p. 013636, 2008.
[184] S. Tan, “Effective interactions for three bosons at low
energy,” Bulletin of the American Physical Society,
vol. 55, p. 135, 2010.
[185] J. P. D’Incao, V. E. Colussi, and C. H. Greene in prepa-
ration.
[186] C. Mora, R. Egger, A. Gogolin, and A. Komnik, “Atom-
dimer scattering for confined ultracold Fermion gases,”
Phys. Rev. Lett., vol. 93, p. 170403, 2004.
[187] K. Helfrich and H. W. Hammer, “Resonant atom-
dimer relaxation in ultracold atoms,” Euro. Phys. Lett.,
vol. 86, p. 53003, 2009.
[188] J. Levinsen, T. G. Tiecke, J. T. M. Walraven, and D. S.
Petrov, “Atom-dimer scattering and long-lived trimers
in fermionic mixtures,” Phys. Rev. Lett., vol. 103,
p. 153202, 2009.
[189] J. Levinsen and D. Petrov, “Atom-dimer and dimer-
dimer scattering in fermionic mixtures near a narrow
Feshbach resonance,” Euro. Phys. J. D, vol. 65, pp. 67–
82, 2011.
[190] D. Petrov, C. Salomon, and G. Shlyapnikov, “Scattering
properties of weakly bound dimers of Fermionic atoms,”
Phys. Rev. A, vol. 71, p. 012708, 2005.
[191] B. Marcelis, S. J. J. M. F. Kokkelmans, G. V. Shlyap-
nikov, and D. S. Petrov, “Collisional properties of
weakly bound heteronuclear dimers,” Phys. Rev. A,
vol. 77, p. 032707, 2008.
[192] J. P. D’Incao, J. von Stecher, and C. H. H. Greene,
“Universal four-boson states in ultracold molecular
gases: Resonant effects in dimer-dimer collisions,” Phys.
Rev. Lett., vol. 103, p. 033004, 2009.
[193] J. P. D’Incao, S. T. Rittenhouse, N. P. Mehta, and
C. H. Greene, “Dimer-dimer collisions at finite energies
in two-component Fermi gases,” Phys. Rev. A, vol. 79,
p. 030501, 2009.
[194] D. M. Eagles, “Possible pairing without superconductiv-
ity at low carrier concentrations in bulk and thin-film
superconducting semiconductors,” Phys. Rev., vol. 186,
pp. 456–463, 1969.
[195] A. J. Leggett, “Cooper pairing in spin-polarized Fermi
systems,” J. Phys. Colloq. (Paris), vol. 41, p. C7, 1980.
[196] H. Suno, B. D. Esry, and C. H. Greene, “Recombination
of three ultracold Fermionic atoms,” Phys. Rev. Lett.,
vol. 90, p. 053202, 2003.
[197] H. Suno, B. D. Esry, and C. H. Greene, “Three-body
recombination of cold Fermionic atoms,” New J. Phys.,
vol. 5, p. 53, 2003.
[198] C. A. Regal, C. Ticknor, J. L. Bohn, and D. S. Jin,
“Tuning p-wave interactions in an ultracold Fermi gas
of atoms,” Phys. Rev. Lett., vol. 90, p. 053201, 2003.
[199] C. Ticknor, C. A. Regal, D. S. Jin, and J. L. Bohn,
“Multiplet structure of Feshbach resonances in non-zero
partial waves,” Phys. Rev. A, vol. 69, p. 042712, 2004.
[200] J. Zhang, E. G. M. van Kempen, T. Bourdel,
L. Khaykovich, J. Cubizolles, F. Chevy, M. Teichmann,
L. Taruell, S. J. J. M. F. Kokkelmans, and C. Salomon,
“p-wave Feshbach resonances of ultracold 6Li,” Phys.
Rev. A, vol. 70, p. 030702(R), 2004.
[201] M. Jona-Lasinio, L. Pricoupenko, and Y. Castin, “Three
fully polarized Fermions close to a p-wave Feshbach res-
onance,” Phys. Rev. A, vol. 77, p. 043611, 2008.
[202] S. Jonsell, “Efimov states for systems with negative
scattering lengths,” Euro. Phys. Lett., vol. 76, pp. 8–
14, 2006.
[203] E. Braaten and H.-W. Hammer, “Resonant dimer re-
laxation in cold atoms with a large scattering length,”
Phys. Rev. A, vol. 75, p. 052710, 2007.
[204] E. Braaten, D. Kang, and L. Platter, “Universality con-
straints on three-body recombination for cold atoms:
From 4He to 133Cs,” Phys. Rev. A, vol. 75, p. 052714,
2007.
[205] M. T. Yamashita, T. Frederico, and L. Tomio, “Three-
boson recombination at ultralow temperatures,” Phys.
Lett. A, vol. 363, pp. 468–472, 2007.
[206] E. Braaten, H. W. Hammer, D. Kang, and L. Plat-
ter, “Three-body recombination of identical bosons with
a large positive scattering length at nonzero tempera-
ture,” Phys. Rev. A, vol. 78, p. 043605, 2008.
[207] Y. Wang, J. P. D’Incao, H.-C. Naegerl, and B. D. Esry,
“Colliding Bose-Einstein condensates to observe Efimov
physics,” Phys. Rev. Lett., vol. 104, p. 113201, 2010.
[208] Y. Wang and B. D. Esry, “Universal three-body physics
at finite energy near Feshbach resonances,” New J.
Phys., vol. 13, p. 035025, 2011.
[209] D. S. Petrov and F. Werner, “Three-body recombination
in heteronuclear mixtures at finite temperature,” Phys.
Rev. A, vol. 92, p. 022704, 2015.
[210] D. Shu, I. Simbotin, and R. Coˆte´, “Near threshold ef-
fects on recombination and vibrational relaxation in efi-
52
mov systems,” Chem. Phys. Chem., vol. 17, p. 3655,
2016.
[211] H. Suno and B. D. Esry, “Adiabatic hyperspherical
study of triatomic helium systems,” Phys. Rev. A,
vol. 78, p. 062701, 2008.
[212] H. Suno and B. D. Esry, “Three-body recombination in
cold helium-helium-alkali-metal-atom collisions,” Phys.
Rev. A, vol. 80, p. 062702, 2009.
[213] P. Soldan, M. Cvitas, and J. Hutson, “Three-body
nonadditive forces between spin-polarized alkali-metal
atoms,” Phys. Rev. A, vol. 67, p. 054702, 2003.
[214] E. Epelbaum, A. Nogga, W. Glo¨ckle, H. Kamada, U.-
G. Meißner, and H. Wita la, “Three-nucleon forces from
chiral effective field theory,” Phys. Rev. C, vol. 66,
p. 064001, 2002.
[215] J. Wang, J. P. D’Incao, B. D. Esry, and C. H. H. Greene,
“Origin of the three-body parameter universality in Efi-
mov physics,” Phys. Rev. Lett., vol. 108, p. 263001,
2012.
[216] J. P. D’Incao, J. Wang, B. D. Esry, and C. H. Greene,
“The universality of the efimov three-body parameter,”
Few-Body Sys., vol. 54, pp. 1523–1527, 2013.
[217] P. M. A. Mestrom, J. Wang, C. H. Greene, and J. P.
D’Incao, “Efimov-van der waals universality for ultra-
cold atoms with positive scattering lengths,” Phys. Rev.
A, vol. 95, p. 032707, 2017.
[218] Y. Wang, J. Wang, J. P. D’Incao, and C. H. H.
Greene, “Universal three-body parameter in heteronu-
clear atomic systems,” Phys. Rev. Lett., vol. 109,
p. 243201, 2012.
[219] Y. Wang, J. Wang, J. P. D’Incao, and C. H. H. Greene,
“Erratum: Universal three-body parameter in heteronu-
clear atomic systems [phys. rev. lett. 109 , 243201
(2012)],” Phys. Rev. Lett., vol. 115, p. 069901, 2015.
[220] P. Naidon, S. Endo, and M. Ueda, “Physical origin of
the universal three-body parameter in atomic efimov
physics,” Phys. Rev. A, vol. 90, p. 022106, 2014.
[221] P. Naidon, S. Endo, and M. Ueda, “Microscopic origin
and universality classes of the efimov three-body param-
eter,” Phys. Rev. Lett., vol. 112, p. 105301, 2014.
[222] R. Schmidt, S. Rath, and W. Zwerger, “Efimov physics
beyond universality,” Euro. Phys. J. B, vol. 85, pp. 1–6,
2012.
[223] D. Blume, “Efimov physics and the three-body parame-
ter for shallow van der waals potentials,” Few-Body Sys.,
vol. 56, pp. 859–867, 2015.
[224] Y. Wang and P. S. Julienne, “Universal van der waals
physics for three cold atoms near feshbach resonances,”
Nature Phys., vol. 10, p. 768, 2014.
[225] J.-L. Li, X.-J. Hu, Y.-C. Han, and S.-L. Cong, “Simple
model for analyzing efimov energy and three-body re-
combination of three identical bosons with van der waals
interactions,” Phys. Rev. A, vol. 94, p. 032705, 2016.
[226] P. Giannakeas and C. H. Greene, “Van der waals uni-
versality in homonuclear atom-dimer elastic collisions,”
Few-Body Syst., vol. 58, p. 1, 2017.
[227] B. Gao, “Zero-energy bound or quasibound states and
their implications for diatomic systems with an asymp-
totic van der waals interaction,” Phys. Rev. A, vol. 62,
p. 050702, 2000.
[228] J. Wang, J. P. D’Incao, Y. Wang, and C. H. H. Greene,
“Universal three-body recombination via resonant d-
wave interactions,” Phys. Rev. A, vol. 86, p. 062511,
2012.
[229] L. W. Bruch and K. Sawada, “Inequality relating the
ground-state energies of two and three bosons,” Phys.
Rev. Lett., vol. 30, pp. 25–27, 1973.
[230] M. D. Lee, T. Koehler, and P. S. Julienne, “Excited
thomas-Efimov levels in ultracold gases,” Phys. Rev. A,
vol. 76, p. 012720, 2007.
[231] A. Kievsky and M. Gattobigio, “Universal nature and
finite-range corrections in elastic atom-dimer scatter-
ing below the dimer breakup threshold,” Phys. Rev. A,
vol. 87, p. 052719, 2013.
[232] C. Ji, D. R. Phillips, and L. Platter, “The three-boson
system at next-to-leading order in an effective field the-
ory for systems with a large scattering length,” Annals
of Physics, vol. 327, pp. 1803 – 1824, 2012.
[233] C. Ji, E. Braaten, D. R. Phillips, and L. Platter, “Uni-
versal relations for range corrections to efimov features,”
Phys. Rev. A, vol. 92, p. 030702, 2015.
[234] L. Platter, C. Ji, and D. R. Phillips, “Range corrections
to three-body observables near a Feshbach resonance,”
Phys. Rev. A, vol. 79, p. 022702, 2009.
[235] H. W. Hammer, T. A. Lahde, and L. Platter, “Effective-
range corrections to three-body recombination for
atoms with large scattering length,” Phys. Rev. A,
vol. 75, p. 032715, 2007.
[236] E. Garrido, M. Gattobigio, and A. Kievsky, “Recombi-
nation rates from potential models close to the unitary
limit,” Phys. Rev. A, vol. 88, p. 032701, 2013.
[237] A. Kievsky and M. Gattobigio, “Universal range correc-
tions to efimov trimers for a class of paths to the unitary
limit,” Phys. Rev. A, vol. 92, p. 062715, 2015.
[238] D. Petrov, “Three-boson problem near a narrow Fesh-
bach resonance,” Phys. Rev. Lett., vol. 93, p. 143201,
2004.
[239] Y. Wang, J. P. D’Incao, and B. D. Esry, “Ultracold
three-body collisions near narrow Feshbach resonances,”
Phys. Rev. A, vol. 83, p. 042710, 2011.
[240] Y. Wang, J. P. D’Incao, and C. H. H. Greene, “Efimov
effect for three interacting bosonic dipoles,” Phys. Rev.
Lett., vol. 106, p. 233201, 2011.
[241] Y. Wang, J. P. D’Incao, and C. H. H. Greene, “Universal
three-body physics for Fermionic dipoles,” Phys. Rev.
Lett., vol. 107, p. 233201, 2011.
[242] T. Lahaye, C. Menotti, L. Santos, M. Lewenstein, and
T. Pfau, “The physics of dipolar bosonic quantum
gases,” Rep. Prog. Phys., vol. 72, p. 126401, 2009.
[243] K. Aikawa, A. Frisch, M. Mark, S. Baier, A. Rietzler,
R. Grimm, and F. Ferlaino, “Bose-Einstein condensa-
tion of erbium,” Phys. Rev. Lett., vol. 108, p. 210401,
2012.
[244] M. Lu, N. Q. Burdick, S. H. Youn, and B. L. Lev,
“Strongly dipolar Bose-Einstein condensate of dyspro-
sium,” Phys. Rev. Lett., vol. 107, p. 190401, 2011.
[245] M. Lu, N. Q. Burdick, and B. L. Lev, “Quantum de-
generate dipolar Fermi gas,” Phys. Rev. Lett., vol. 108,
p. 215301, 2012.
[246] D. S. Jin and J. Ye, “Polar molecules in the quantum
regime,” Physics Today, vol. 64, p. 27, 2011.
[247] D. S. Jin and J. Ye, “Introduction to ultracold
molecules: New frontiers in quantum and chemical
physics,” Chemical Reviews, vol. 112, pp. 4801–4802,
2012.
[248] R. D. Amado and F. C. Greenwood, “There is no Efimov
effect for four or more particles,” Phys. Rev. D, vol. 7,
pp. 2517–2519, 1973.
53
[249] L. Platter, H. Hammer, and U. Meißner, “Four-boson
system with short-range interactions,” Phys. Rev. A,
vol. 70, p. 052101, 2004.
[250] H.-W. Hammer and L. Platter, “Universal properties
of the four-body system with large scattering length,”
Euro. Phys. J. A, vol. 32, pp. 113–120, 2007.
[251] M. T. Yamashita, L. Tomio, A. Delfino, and T. Fred-
erico, “Four-boson scale near a Feshbach resonance,”
Euro. Phys. Lett., vol. 75, pp. 555–561, 2006.
[252] G. J. Hanna and D. Blume, “Energetics and structural
properties of three-dimensional bosonic clusters near
threshold,” Phys. Rev. A, vol. 74, p. 063604, 2006.
[253] J. von Stecher, J. P. D’Incao, and C. H. H. Greene,
“Signatures of universal four-body phenomena and their
relation to the Efimov effect,” Nature Phys., vol. 5,
pp. 417–421, 2009.
[254] A. Deltuva, R. Lazauskas, and L. Platter, “Universal-
ity in four-body scattering,” Few-Body Sys., vol. 51,
pp. 235–247, 2011.
[255] M. R. Hadizadeh, M. T. Yamashita, L. Tomio,
A. Delfino, and T. Frederico, “Scaling properties of uni-
versal tetramers,” Phys. Rev. Lett., vol. 107, p. 135304,
2011.
[256] J. von Stecher, “Weakly bound cluster states of Efimov
character,” J. Phys. B, vol. 43, p. 101002, 2010.
[257] M. T. Yamashita, D. V. Fedorov, and A. S. Jensen,
“Universality of brunnian (n-body borromean) four- and
five-body systems,” Phys. Rev. A, vol. 81, p. 063607,
2010.
[258] Y. Yan and D. Blume, “Energy and structural prop-
erties of n-boson clusters attached to three-body efi-
mov states: Two-body zero-range interactions and the
role of the three-body regulator,” Phys. Rev. A, vol. 92,
p. 033626, 2015.
[259] J. von Stecher, “Five- and six-body resonances tied to
an efimov trimer,” Phys. Rev. Lett., vol. 107, p. 200402,
2011.
[260] M. Gattobigio, A. Kievsky, and M. Viviani, “Spectra
of helium clusters with up to six atoms using soft-core
potentials,” Phys. Rev. A, vol. 84, p. 052503, 2011.
[261] M. Gattobigio, A. Kievsky, and M. Viviani, “En-
ergy spectra of small bosonic clusters having a large
two-body scattering length,” Phys. Rev. A, vol. 86,
p. 042513, 2012.
[262] M. Gattobigio and A. Kievsky, “Universality and scaling
in the n-body sector of efimov physics,” Phys. Rev. A,
vol. 90, p. 012502, 2014.
[263] A. Kievsky, N. K. Timofeyuk, and M. Gattobigio, “n,”
Phys. Rev. A, vol. 90, p. 032504, 2014.
[264] N. P. Mehta, S. T. Rittenhouse, J. P. D’Incao, J. von
Stecher, and C. H. H. Greene, “General theoretical de-
scription of N -body recombination,” Phys. Rev. Lett.,
vol. 103, p. 153201, 2009.
[265] A. Deltuva, “Momentum-space calculation of four-
boson recombination,” Phys. Rev. A, vol. 85, p. 012708,
2012.
[266] A. Deltuva, “Universal bosonic tetramers of dimer-
atom-atom structure,” Phys. Rev. A, vol. 85, p. 042705,
2012.
[267] A. Deltuva, “Universality in bosonic dimer-dimer scat-
tering,” Phys. Rev. A, vol. 84, p. 022703, 2011.
[268] A. Deltuva, “Efimov physics in bosonic atom-trimer
scattering,” Phys. Rev. A, vol. 82, p. 040701, 2010.
[269] A. Deltuva, “Shallow Efimov tetramer as inelastic vir-
tual state and resonant enhancement of the atom-trimer
relaxation,” Euro. Phys. Lett., vol. 95, p. 43002, 2011.
[270] F. Ferlaino, S. Knoop, M. Mark, M. Berninger,
H. Schoebel, H. C. Naegerl, and R. Grimm, “Collisions
between tunable halo dimers: Exploring an elementary
four-body process with identical bosons,” Phys. Rev.
Lett., vol. 101, p. 023201, 2008.
[271] Y. Castin, C. Mora, and L. Pricoupenko, “Four-body
Efimov effect for three fermions and a lighter particle,”
Phys. Rev. Lett., vol. 105, p. 223201, 2010.
[272] C. Zhang, J. von Stecher, and C. H. H. Greene, “Few-
body ultracold reactions in a bose-fermi mixture,” Phys.
Rev. A, vol. 85, p. 043615, 2012.
[273] D. Blume and Y. Yan, “Generalized efimov scenario
for heavy-light mixtures,” Phys. Rev. Lett., vol. 113,
p. 213201, 2014.
[274] C. H. Schmickler, H.-W. Hammer, and E. Hiyama,
“Trimer and tetramer bound states in heteronuclear sys-
tems,” Few-Body Sys., vol. 58, p. 22, 2017.
[275] B. Bazak and D. S. Petrov, “Five-body Efimov effect
and universal pentamer in fermionic mixtures,” Phys.
Rev. Lett., vol. 118, p. 083002, 2016.
